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LETTER FROM THE EDITOR

1 The cover image is of Sylvie Donmoyer’s paint-
| ing, “Still Life with Magic Square,” which
won first place in the Joint Mathematics Meet-
ings art exhibition in Boston. You can also
see it in the MAA’s Found Math Gallery (link
from www.maa.org; Jan. 9) and at the artist’s
own site (www.illustration-scientifique.
fr/index-A.html; expect to spend some time
there). Or, perhaps you can see the original paint-
ing by visiting the Math for America offices at 160
Fifth Ave. in New York, www.mathforamerica.
org.

Our first two articles mention George Pélya, and
the benefits of playing with with toys and games.

Ben Coleman and Kevin Hartshorn describe the
mathematics of the game of SET. (You can find the
game anywhere, or start at www . setgame . com.) The game begins with twelve cards on
the table. How many essentially different deals of twelve cards are there? The answer is
on page 84, if you know where to look for it. The method is Pélya’s counting theorem,
an instrument of great power.

Peter Hilton and Jean Pedersen use Magz (and Sylvie Donmoyer’s illustrations) to
visualize a theorem about trinomial coefficients. They combine familiar algebra with
surprisingly rich geometry, and with Pélya’s notion of “homologues.” When you read
the article you’ll find the key role played by one particular set of homologues, which
are three interpenetrating squares. Then you can look back at the cover image, and
find—a particular set of homologues, which are three interpenetrating squares! (The
Magz very much deserve a link, too: www.magz . com.)

We are honored to have this paper co-authored by Peter Hilton, who died in Novem-
ber, 2010. He contributed more than most, to the mathematical community and to the
world. He is missed.

Are your Pythagorean friends still in denial about irrational numbers? In this is-
sue Grant Cairns proves irrationality for the square root of 2, Steve Miller and David
Montague for other square roots, and David Gilat for roots of polynomials—all with-
out using prime factors. Elsewhere in the Notes Section we have a wider-than-usual
range of topics: The AM-GM inequality, sums of cosines, determinants (not worthless
ones, but ones with zero value), Fibonacci-like sequences, and integration by parts.

This is our third consecutive April issue with color. Could we have predicted that?
Perhaps so, based on Mark Schilling’s note on long runs of identical events.

Harry Waldman has now completed his nearly thirty years with the MAA as writer,
editor, and manager, with special responsibility for the three print journals. His name
first appeared on the Magazine’s title page in February, 1985, and has appeared with
the names of seven editors. Everything you see here reflects his influence, and like my
predecessors I have appreciated his guidance and good will. Now we welcome Beverly
Ruedi to the role of Managing Editor; also a pillar of the MAA, she has worked on the
production of the Magazine before, and has most recently helped to manage the MAA’s
books program.

Walter Stromquist, Editor
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ARTICLES

Game, Set, Math

BEN COLEMAN

Moravian College
Bethlehem, PA 18018
coleman@cs.moravian.edu

KEVIN HARTSHORN

Moravian College
Bethlehem, PA 18018
hartshorn@math.moravian.edu

One of the joys of mathematics is the serendipitous meeting of seemingly different
ideas—in this case a popular card game, genetics research on dogs, and a polynomial
of degree 81. In 1974, geneticist Marsha Falco [4] was observing German shepherds
in order to understand the genetics of epilepsy, and she developed a simple labeling
system for the characteristics of interest. At home, she and her husband organized
these symbols into four attributes of three possible values and created a game using
the 81 cards shown in FIGURE 1. After years of playing the game with their family,
they marketed the game SET in 1991. As the game became popular, mathematicians
at all levels explored patterns in it that the Falco family had never anticipated [14].
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Figure 1 The 81 SET cards organized in a nine-by-nine grid
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Questions such as “how many structurally different ways are there for the game to
begin?” led to our work using Pélya’s theorem to reach the beautiful spindle-shaped
polynomial in FIGURE 2. The coefficient of #" in that polynomial tells us how many
inequivalent ways there are to deal n cards in the game.

In this paper, we define inequivalent more precisely, provide an overview of the rich
activity that has followed this game, and share our own contribution—counting unique
patterns of collections of cards.

AL
180 + 179 +
2:78 4+ 377 + 6170 +
15¢7 4 34¢7 4+ 105¢73 +
384172 4 16587 + 8135170 +
4140719 + 20521118 + 963708:°7 +
4231059:% 4 17295730:% 4 65807588:%* +
233346408193 4 77251882812 4-23926110917%! +
69461162611 + 189374683471>° + 4856820699618 +
117356752981%7 + 2675486879841°0 4 5762229043631 +
1173737365919:>* + 226356897266317% + 4136780036942 -
71703095766887°" + 11796184561289r°° + 184313869205341* +
273676493036031* + 38636503940897:*7 4 5188312667039214 +
66294936428615t* + 80628826002618¢* 4 933595714247931% +
102934827016066:*2 4+ 108081525023972¢*! 4 108081525023972:40 +
10293482701606613 4 93359571424793138 4 80628826002618137 +
6629493642861513° 4+ 5188312667039213 + 38636503940897134 +
27367649303603133 + 1843138692053413% 4+ 11796184561289¢3! +
717030957668810 4 41367800369421%° + 2263568972663 +
1173737365919¢%7 4- 5762229043631%° 4 2675486879841% +
1173567529811 + 4856820699613 4 18937468347t +
6946116261%" + 2392611091720 4 7725188281 +
23334640818 + 6580758817 + 1729573010 +
423105915 496370814 4- 205211713 +
41407'2 4+ 81351 4+ 165810 +
3841% 4 105¢% 4 3417 +
1510 + 61° + 31* +
263 + 12 +
t+1

Figure 2 The polynomial representing the pattern inventory for separating SET cards into
two piles. The coefficient of " is the number of inequivalent ways to select n cards.
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The game

We begin with a description of the game. On the SET cards, the symbols have the
following attributes:

1. Quantity: 1, 2, or 3 copies of the symbol occur on each card.
2. Color: the symbols are red, green, or purple.

3. Shading: the interior of each symbol is solid, striped, or open (i.e., only the outline
of the shape appears).

4. Shape: the symbols on the cards are diamonds, squiggles, or ovals.

A set is a collection of three cards such that for each of the four attributes above,
the three cards are all matching or all distinct. For example, in FIGURE 3, the three
cards form a set, as they have different quantities, same colors, different shadings, and
same shapes. On the other hand, the cards in FIGURE 4 do not form a set since two of
the cards are striped while the third is solid, although the other three attributes for the
cards do obey the rules.

o) e | n) 6 | 8c [

Figure 3 Example of a set Figure 4 Example of a non-set

When playing the game, players compete to find sets among twelve cards placed
face-up on the table. The player who first identifies a set takes the three cards and
scores one point. Three cards from the deck are added to the table, and the players
resume their search for sets. If no player can locate a set, then three additional cards
are added to the table. This race to find a set repeats until there are no additional cards
in the deck and no sets on the table, at which point the winner is the player who found
the most sets. A complete description of the rules, as well as the history of the game’s
development are available through the official web site [14].

M iz
2 1000
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Figure 5 Twelve cards containing six sets
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The game has won wide acclaim including the MENSA Select Award and the Par-
ents’ Choice Award. The “puzzle master” Wil Shortz took the game to the first World
Puzzle Championship in 1992. Perhaps as a result of this endorsement, the New York
Times hosts a daily SET solitaire puzzle like the one in FIGURE 5, where players must
find six sets in a collection of twelve cards. More academically, the game has sparked
interest in the fields of artificial intelligence [16], theoretical computer science [2], and
programming pedagogy [5].

Many mathematics departments, from elementary school through college, use the
game of SET for classroom engagement. The SET web site [14] shares lesson plans
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developed by Anthony Macula and Michael J. Doughty [10] that introduce traditional
set theory using SET cards while Holdener [7] uses SET for an undergraduate abstract
algebra project. In her honors work, Maureen Jackson [8] describes a litany of appli-
cations of the game SET in many mathematical fields, including their connection to
magic squares.

In the context of SET, a magic square is a three-by-three array of distinct cards
where every row, column and each of the six diagonals forms a set, resulting in twelve
sets among nine cards. A “diagonal” is a generalized diagonal; that is, any arrangement
of three cards with one in each row and one in each column. We can construct a magic
square by starting with three cards that do not form a set. By placing them as shown in
FIGURE 6, the upper-right and lower-left cards are specified. In turn, the middle card is
specified, and in this way, we can complete the square. Jackson proves that this process
always produces a magic square. Note that each of the nine sections of FIGURE 1 is
also a magic square.

88 || LU 88 | LU || 1
" - | 490 | 00
0 ]| 08 ]| B

Figure 6 Constructing a magic square
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The SET deck is a vector space

To go further we need some notation. By [F; we mean the unique field of order 3,
which is just the set of integers {0, 1, 2} with addition modulo 3. The SET deck can be
identified with the 4-dimensional vector space [F§. To see this, we map the attributes
of each card to the integers 0, 1, and 2, as in FIGURE 7. Using these mappings, the
three cards on the left in FIGURE 6 correspond to the vectors [2, 0, 1, 1], [2, 1, 0, 1],
and [2, 1, 2, 0].

0 1 2
Quantity 3 1 2
Color green red purple

Shading open striped solid

Shape | diamond squiggle  oval

Figure 7 Mapping attribute values to 0, 1, and 2

The mapping provides two equivalent ways to mathematically define a set:

1. A set consists of three vectors that sum to [0, 0, 0, 0] modulo 3. Note that this occurs
only if for each attribute the cards are all the same or all different.

2. A set consists of three vectors that lie on a line in this vector space. The equation
of a line through two points a and b is given by a + #(b — a) and in F; we have
t =0, 1, 2, providing exactly 3 points on any line. It is a good exercise to show that
three vectors form a line if and only if they sum to [0, 0, 0, 0] modulo 3 and thus
correspond to a set.
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The three cards defining a magic square also determine an affine plane in the vector
space IF4. In general, there is a unique plane through any three non-collinear points a,
b, ¢, given by the equation a + (b — a) + s(¢c — a). Since we are working over the
field IF5, the parameters s and ¢ take the values 0, 1, or 2, and the reader can check that
the nine possible choices for these parameters result in the magic square on the right
in FIGURE 6 if we let a, b, ¢ be the vectors [2,0, 1, 1], [2, 1,0, 1], and [2, 1, 2, O].

The vector-space model provides a way to understand an interesting fact about the
end of a game. If the last card of the deck is placed face down, it is possible to deter-
mine that last card from the other cards that remain on the table. The sum of all 81
cards is [0, 0, 0, 0] modulo 3. When a set is removed that sum does not change. Thus
at the end of the game, the sum of the cards on the table must still be [0, 0, 0, 0] mod-
ulo 3. To predict the last card, determine the vector that preserves this property. For
example, in FIGURE 8 the first coordinate of the missing vector is 1 because the sum of
other first coordinates is 0 +2 4+ 041+ 2 =2 mod 3. Doing the same for the other
attributes, we find that the missing vector is [1, 2, 1, 1] or one-purple-striped-squiggle.
As a corollary, note that a properly played game can never end with three cards—the
last three cards always form a set.

888 [ %4 |[000
e jles

Figure 8 A six-card endgame

('\ aYa

Liz McMahon and Gary Gordon of Lafayette College discovered another property
of a game that ends with exactly six cards. Group the cards into three pairs, and for
each pair, determine the card that turns it into a ser. No matter how the cards are
grouped, the three cards that complete the sets will themselves form a set. For example,
in FIGURE 8, if we group the cards in columns, then the three cards that complete
the sets are two-green-striped-diamonds, three-green-open-squiggles, and one-green-
solid-oval. The proof of this fascinating property is left as a challenge for the reader.

There has also been interest in how many cards you can place on the table without
any set occurring. This maximal number, sometimes referred to as a maximal cap,
was first proven to be 20 by G. Pellegrino [11] who wasn’t actually considering the
game (it hadn’t been created yet). Benjamin Lent Davis and Diane Maclagan [3] put
Pellegrino’s work into the context of SET and also extended his results to consider
maximal caps when playing the game with different numbers of attributes. Robert
Bosch [1] proved that the maximal cap is 20 using a branch-and-bound technique to
solve an integer program, and Holdener [7] used this question to motivate independent
research in an undergraduate abstract algebra course.

Knowing this maximal cap, Zabrocki [17] asked about the number of ways to make
a 20-card collection with no sets, and Donald Knuth wrote computer programs to gen-
erate all the non-isomorphic collections of 20 cards with no sets [9]. More generally,
Zabrocki asked how many n-card collections could contain a given number of sets.
Questions of this form led us to the result in this paper: for fixed n, how many non-
isomorphic collections of n cards are there?

Linear transformations

As we move toward answering this question, we note that our particular arrange-
ment of cards in FIGURE 1 was chosen deliberately. If we select any collection of
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five cards that contains no sets, then we can use these cards as a basis to define an
equivalent nine-by-nine array. Choosing as an example two-green-striped-squiggles,
two-red-open-squiggles, and two-red-solid-diamonds (as we did in FIGURE 6) allows
us to complete the plane or magic square seen in the top-left section in FIGURE 9. By
picking the card two-red-solid-squiggles, and placing it in the top-left corner of the
top-center block in FIGURE 9, there is a unique completion of the top row of cards.
Finally, the rest of the 9 x 9 arrangement is determined by the choice of three-purple-
solid-ovals in the top-left corner of the leftmost block of the second row. In essence,
we are choosing a new basis for the 4-dimensional affine space. This particular choice

can be represented by the transformation
0 0 2
1 1 0
0 2:| X+ |: 1 :| . (1)
20 1

1
T(x) = |:%
1

To illustrate this correspondence, consider the card three-red-solid-squiggles in F1G-
URE 1, which has coordinates [0, 1,2, 1]. Under the transformation, this card is

T IR

which is the vector for two-red-open-ovals, seen in the same location in FIGURE 9.
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Figure 9 Transformed nine-by-nine grid
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For our purposes, then, isomorphisms of the SET deck are affine transformations
from one such basis to the another. The order of this group is 81 -80-78 - 72 - 54 =
1,965, 150, 720, and the isomorphisms are of the form

T(X)=Lx+v,
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where L is an element of GL (IF ‘3‘), the group of invertible 4 x 4 matrices over the field
F5,and v € V is a4-vector. Such a transformation always preserves the game structure
in the sense that sets are mapped to sets. We consider two collections of cards to be
equivalent if they are related by such an affine transformation. As an illustration of this
equivalence, in FIGURE 10, we see the cards from FIGURE 5 transformed by the map
T of Equation 1. Note that we see the exact same arrangement of sets both before and
after the transformation.

W 22 | € | 999 0| @ JJBLLj| o9
2 000 B L0 ] 7 |BLu 88 L) 00
00 | U ][990 999 O |000]| 69 || 99

Figure 10 The cards from FIGURE 5, transformed by T in Equation 1

Counting inequivalent layouts

If two layouts are equivalent under a transformation of the deck, then we say that they
are in the same orbit, and we consider those layouts effectively equivalent, since each
has the same number of sets exhibiting the same intersection properties within the
geometric structure. Counting distinct collections of n cards thus amounts to counting
the number of orbits of the action of the transformation group of the SET deck on the
space of (il) n-card layouts.

For example, there are only two distinct ways to draw three cards: either they form
a set or they do not. Any two sets are equivalent under the group of transformations of
the SET deck, and any collection of three cards that do not form a set can be mapped
by an affine transformation to the triple one-green-open-diamond, one-green-striped-
diamond, one-green-open-squiggle from FIGURE 1. There are three distinct ways to
draw four cards. If the four cards contain a set (that is, a line), then the ser and the
fourth card determine a plane, and any two such structures are equivalent (first way).
Otherwise, three of the four cards determine a plane and the fourth card is (second
way) or is not (third way) contained in that plane.

Applying Pélya’s theorem

As the number of cards on the table increases, so does the difficulty in enumerating the
possible arrangements of those cards. Ultimately, the challenge is to find the pattern
inventory shown in FIGURE 2, a polynomial of the form

81
p) =7 ct',
i=0

where ¢; is the number distinct layouts of size i. We computed the pattern inventory
using Pdlya’s theorem.

The central idea in Pdlya’s theorem is the cyclic index of the transformations. For
example, FIGURE 11 shows graphically how the diamond cards map to one another
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when the transformation

01 00 2
1 0 0 0 0
0 0 0 1 0

is iterated (the oval and squiggle cards demonstrate an identical structure). The cycle
structure encodes this cyclic behavior as x3x6, since there are nine cycles of length
three as well as nine cycles of length six.

Formally, the cycle structure of a transformation is a recording of the iterates of
actions of that mapping on a set. Given a transformation, define b; to be the number of
cycles of length i (up to a maximum cycle length of k). Then the cycle structure for
the transformation is the monomial x.' x> - - x/*, and the cycle index for a group is
the average of the cycle structures of all the group elements:

by b
Po(xi, X0, .o, X)) = — |G| E Xyt
TeG

<> g >
<> O >
<> g >
IR )
<> g > <> O >
<> g > <> g >
<> @ <> <> @ <>
IR R
<> g >
< g >
Y Y \ 4
<> O >
<> g >
<> @ >

Figure 11 Cycles of diamond cards when Equation (2) is applied to the deck
Pélya’s theorem tells us that the pattern inventory for the SET deck, p(z), is com-
puted using the cycle index. Specifically,
pt)=Po(l+1,1+1% ..., 1+1.

which is shown in FIGURE 2.
In its most general form, Pélya’s theorem allows us to consider an arbitrary number
of colors and ask questions about colorings using any subset of those colors. For ex-
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ample, we could ask questions about the number of ways to have cards in the deck (d),
on the table (¢), and in the discard (x). In this case, Pélya’s theorem tells us the pattern
inventory is

pt,d,x) = Po(t +d+x, 0> +d*+ x>, ..., t" +d"+xb).

Observe that an alternative way to compute the pattern inventory in FIGURE 2 is to
compute p(z, 1, 0). See the textbooks by Fred S. Roberts [13] and Alan Slomson [15]
for a more detailed introduction to this powerful theorem, and the paper by R. C.
Read [12] for more advanced applications.

In order to compute the coloring polynomial we must first compute the cycle struc-
ture for each element of the group of transformations of the SET deck. The affine group
for SET contains over 1.9 billion elements, and computation of the cyclic structure for
each element individually would be time consuming and ultimately contain redundant
information. Instead, we take advantage of the fact that conjugate elements have the
same cyclic structure. Two transformations 7| and 75 are conjugate to one another if

there is some third transformation P such that PT, P~! = T,. For example, you can
check that the transformation 7" used to generate FIGURE 9 is similar to R by letting
1 1 2 2 1
2 1 0 1 1
P®=10 10 1|Xt|2
01 2 1 0

and verifying that T = PRP~". You can read more about conjugacy classes in most ba-
sic modern algebra texts (Hoffman [6] provides a particularly thorough background).
Conjugation allows us to discuss a class of transformations that all behave “the same
way” on the SET deck. Decomposing this group of transformations into conjugacy
classes will greatly simplify our application of Pélya’s theorem.

Because the decomposition of the full group of transformations is a tedious process,
we shall illustrate the computation of the coloring polynomial in the 2-dimensional
case, where we are looking at the transformations of 9 cards (for example, the solid
green cards). This will show the essence of the ideas behind our main result and pro-
vide some motivation to study linear algebra over finite fields.

Given an affine transformation 7 (x) = Lx + v, we want to characterize the affine
transformations conjugate to 7. Let P(x) = Ax+ b, so that P~!(x) = A~!x — A~'b.
Then

PTP'(x) =A(L(A™'x—A"'b) +Vv) +b 3)
=ALA™'x + (Av+ (I — ALA™")b). “)

Thus we see that Lx + v is conjugate to Mx + w for some vector w if and only if M and
L are conjugate matrices in the linear group GL(IF%). So we will need to decompose the
linear group into conjugacy classes. Once we do that, however, we need to know when
Lx + v and Lx + w are conjugate. Again, we conjugate 7(x) = Lx+ v by P(x) =
AX + b, this time assuming that ALA~! = L. This reduces equation (4) to

PTP™'(x) = Lx+ (Av+ (I — L)b). 5)

Notice that if v is in the range of (I — L), say v = (I — L)u, then we see that
PTP~'(x) = Lx + (I — L)(Au + b), which implies that w must also be in the range
of (I — L). Further, if we let b = — Au, then we find that the transformation 7 (x) =
Lx + v is in the same conjugacy class as the linear transformation L(x) = Lx if and
only if v is in the range of (I — L).
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With this in mind, let us consider the possibilities for choosing a transformation
T (x) = Lx + v depending on the dimension of the range of (I — L).

1. Suppose (I — L) has a 2-dimensional range.
In this case, T(x) = Lx + v and L(x) = Lx are always in the same conjugacy
class, since all vectors v are in the range of (I — L).

2. Suppose (I — L) has a 1-dimensional range.

Let T(x) = Lx + v where v is not in the range of (/ — L). Since our vector
space is 2-dimensional, any vector w can be expressed as w = cv + u for some
unique scalar ¢ and some unique u in the range of (/ — L). Conjugating T by the
transformation P;(x) = x + b gives

PTP '(x) = Lx+ (v+ (I — L)b).

This implies that Lx 4+ w is conjugate to 7 (x) for any w of the form w = v + u.
On the other hand we can let P,(x) = 2x + b and conjugate T to get

P,TP;'(x) = Lx+ (2v+ (I — L)b),

showing that Lx + w is also conjugate to 7 when w = 2v + u. Thus when (/ — L)
is 1-dimensional, we have two conjugacy classes. One consists of the three trans-
formations Lx + u where u is in the range of (I — L) while the other consists of
the six transformations Lx + v, where v is not in the range of (I — L).

3. Suppose (I — L) has a 0-dimensional range.

In this case, L = I, and T (x) = x + v is a translation. The identity transfor-
mation forms a conjugacy class by itself, while the non-trivial translations form a
second conjugacy class (another nice exercise for the reader is to show that any two
non-trivial translations are conjugate).

To decompose the linear group GL(F%) itself into conjugacy classes we use the
characteristic polynomial (the polynomial c(X) = det (.I — L)) and the minimal poly-
nomial (the polynomial m()) of least degree such that m (L) = 0). Some standard re-
sults from linear algebra will be needed:

* Conjugate matrices have the same characteristic polynomial and the same minimal
polynomial.

* For any matrix, the characteristic and minimal polynomials have the same irre-
ducible factors.

* The minimal polynomial divides the characteristic polynomial.

In the two-dimensional case, we can say even more: if two 2 x 2 matrices have the
same minimal polynomial and the same characteristic polynomial, then they are con-
jugate (this is a good exercise for an undergraduate linear algebra course).

Because our matrices are invertible (and thus A = 0 cannot be an eigenvalue), there
are only six possibilities for the characteristic polynomial. FIGURE 12 provides the six
characteristic polynomials with their factorization, the possible corresponding minimal
polynomials, and a representative matrix for those polynomials.

There are 8 x 6 = 48 invertible matrices to check. However, since there are only
3* = 81 square 2 x 2 matrices, we can use a simple loop to check all the 2 x 2 ma-
trices with either Maple or Mathematica to find the characteristic and minimal poly-
nomial for each matrix to sort the 48 matrices into the six conjugacy classes, omitting
any matrix that has determinant zero. Note that even in the four-dimensional case,
this inefficiency is only the difference between checking the (81 — 1) - (81 — 3) -
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Characteristic Minimal Representative Class Dimension
polynomial polynomial matrix size of (I —1L)
A2 + 1 (irreducible) A +1 _(1) g_ 6 2
MH2=RQ+2)(A+1) M +2 (1) g 12 1
MAHr+1=0R+2)? A+2 (1) (1) 1 0
(Oh+2)> (1) f 8 2
A2 4+ A+ 2 (irreducible) A2 4+ A +2 _(1) é_ 6 2
M2 +1=0n+1)? A+1 é g 1 2
(L4 1)? (1) g 8 1
A2 42X + 2 (irreducible) A2 +2A 42 -(1) i ] 6 2

Figure 12 List of conjugacy classes for GL(F3)

(81 —=9) - (81 —27) = 24,261,120 invertible matrices or the complete collection of
316 = 43,046,721 matrices (a difference of only a few moments of computer time).
This provides the size of each conjugacy class in GL(F3).

To finish our analysis, we find the conjugacy classes for which the eigenvalue A = 1
has a 1-dimensional eigenspace. Per the affine group breakdown above, we need to
find a vector that is not in the range of (I — L) for the representative matrix L. In
FIGURE 12, there are only two matrices that have a 1-dimensional eigenspace for
A = 1: the matrix

10
L=10 2
for which (I — L) has range [;a] , and the matrix

L =

0 o7
1 2
for which (I — L) has range [2] In both cases, we pick the vector [(1)] as the designated

vector v not in the range of (/ — L).
Thus we find that there are 13 conjugacy classes of transformation in GA(IF%). For
the given representative of each of these classes, we compute the cyclic structure of

the class, as was shown in FIGURE 11 for the matrix R from equation 2. A summary
of the conjugacy classes, including a chosen representative, the number of elements
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’ Representative 7(x) Number of elements Cyclic structure

[(1) ﬂx 9.6 x1x7
[(1) gi|x 3.12 o
[(1) (2):|x+|:(1):| 6-12 X3Xg
[(‘) ﬂx 1-1 X
[(1) ]]H[é] 81 X
:1 ?:x 9.8 X1X2Xg
:1 ;:x 9.6 X1Xg
:g (2):x 9.1 x1x3
:(1) ;:x 3-8 xix3
[? ;];H—[é] 6-8 X}
[(1) }:|x 9.6 X1Xg

Figure 13 Summary of group structure for GA(F?)

in the class, and the cyclic structure, is shown in FIGURE 13. Note in the table that
the number of elements is listed as a - £, where £ is the number of elements in the
conjugacy class of the matrix in GL(IE‘%), and a is the multiplicative factor derived
from the discussion of the range of (I — L).

From this data, we compute the cyclic structure of GL (]Fg) to be

P = YEY) (54x|xf + 36xfx§ + 72x3x6 + x? + 8)633 + 72x1x2x¢ + S54x1xg
+ 9x1x3 + 24x7x; + 48x3 + 54x;x5)
N )Cl9 4 7X§ X])C; X13X32 X13X23 4 X3X6 n X]XZ X1Xg X1X2Xg
© 432 54 48 18 12 6 8 4 6

We substitute x; = (1 +¢)" into P to yield the coloring polynomial. The coefficient of
t* indicates how many different ways we can draw k cards from the 9-card table:

P+ 2+ 20+ 28+ 28 + 2+ 1

For the higher dimensions, complications arise in two key points. First, the charac-
teristic and minimal polynomials will no longer be sufficient for characterizing conju-
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gate matrices. Instead, we have to use the rational canonical form, a generalization of
the notion of diagonalizing a matrix. Second, the analysis of the affine transformations
becomes more complicated when the difference between the dimension of the range
of (I — L) and the dimension of the vector space is greater than 1. Nonetheless, with
persistence we find the coloring polynomial for the 3-dimensional case in FIGURE 14,
and the coloring polynomial for the 4-dimensional case is provided in FIGURE 2 at the
beginning of the article. Details on how we worked through these cases are left to a
future publication.

¥ +
t26 + l25 + 2[24 +
313 4 5¢%2 + 106" + 1662 + 2811 +
47t"8 + 68117 4+ 91116 + 114115 + 127114 +
127t 4+ 1142 4+ 911 4 68110 4 47¢° +
28t% + 1617 + 1015 + 5¢° + 3¢+ +
28 4+ 2+t +
1

Figure 14 The coloring polynomial for 3-dimensional SET

Thus, in terms of the structure of sets that can be found, there are 114 essentially
distinct ways to draw 12 cards from a 3-dimensional SET deck (say, if you only used
diamonds), while there are 41,407 essentially distinct ways to draw those 12 cards
from a full 4-dimensional SET deck. The later number represents the number of ways
to start the game—but what about other stages of the game?

In order to model this temporal relationship, we use Pélya’s Theorem with three
labels: deck, table, and discard. The resulting polynomial is drastically larger than the
one in FIGURE 2, but many of the terms are meaningless to the actual game play. For
example, there can never be 13 cards in the deck, 51 on the table and 17 cards in the
discard. Unfortunately, even after removing these meaningless cases this grouping still
lacks the constraint that the “discard” group is formed by a sequences of sets. Thus,
Pélya’s Theorem alone is not enough to answer such a question. We are currently
working on ways to incorporate this constraint into the computation.

Another way to view our result is as a window into the complex structure of the
game. With 41,407 different positions using the complete deck, there is a certain kind
of depth and variety to the game play. Our experiments with different versions of
the game show that there is a fragile balance between the mathematical structure of
the game and its playability. For example, consider a deck made of cards with six
attributes, each with two possibilities. In this case there are 20 — 64 cards, and a set
is three cards such that the sum of their six-dimensional vectors is the zero vector,
modulus 2. Keeping track of six attributes requires super-human cognitive skills to
play. Alternatively, if we take three decks of SET cards and give them each a distinct
background, we have a game with 3% = 243 cards, which is both unwieldy to shuffle
and cognitively difficult to play.

Ultimately, our study of SET provides a detailed mathematical picture of the el-
egance of the game. Interestingly, recognition and understanding of the underlying
structure does not appear to improve our skill at the game or affect our enjoyment of

playing.
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This article began with a set of Magz. The authors had just completed an article on
binomial coefficients [4] and were thinking about possible analogs of their results for
trinomial coefficients. The Magz, which are magnetic construction toys, allowed us to
build a three-dimensional analog of Pascal’s Triangle which we call Pascal’s Tetrahe-
dron, and to examine some of its surprising properties. In this article we would like to
describe some of our discoveries, and leave you with some questions to ponder.

If you share our interest in these questions, then you, too, may want to acquire
a set of Magz or similar magnetic toys. Certainly they were, for us, a remarkable
source of intriguing conjectures—some false, some true, and some leading to great
generalizations.

In describing our results we will use a very special case of a concept due to George
Pélya (1887-1985), which he called homologues. As we will see, homologues are
special sets of addresses in Pascal’s Triangle or in Pascal’s Tetrahedron. We will use
them to explain and explore the Star of David Theorem for binomial coefficients, and to
generalize that theorem. Then we will look at analogues of the Star of David theorem,
and its generalizations, involving trinomial coefficients. Because we have the Magz,
we can present photographs of the homologues.

First definitions

Binomial coefficients. The symbol (r"s), where n, r, s are nonnegative integers and
r 4+ s = n, is the number defined by

n n
<n O) = (0 n) =1 foreachn > 0, and
n)_(n-1 + n—1 whenn > 1.
rs r—1s rs—1

The last line is called Pascal’s identity. The value of (r"x) is the coefficient of a"b* in
the expansion of (a 4+ b)", and is given by

n n!
rs) T opls!
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Trinomial coefficients. The symbol (r’: l), where n, r, s, t are nonnegative integers

and r + s + t = n, is the number defined by

n n n
(n 00):(0n 0)=(00n)=1 for each n > 0, and

h n—1 n—1 n—1
<r5t>:(r—ls t>+(r s—1 t>+<rst—l> whenn > 1.

The last line is again called Pascal’s identity. The value of (r’z t) is the coefficient of
a"b’c’ in the expansion of (a + b + ¢)”, and is given by

n n!
rst) o oplstel

The binomial coefficient (r”s) is usually written as (’}’) or (’;) We use the expanded
notation to emphasize the analogy to trinomial coefficients, and also to highlight the
role of the “addresses”; that is, the triples n, r, s that define the coefficients. The bino-
mial addresses naturally arrange themselves into the triangular array known as Pascal’s
Triangle, shown in FIGURE la. The corresponding values are shown in FIGURE 1b.
FIGURE Ic illustrates the fact that, when we view the triangle as a geometric ob-
ject, the coordinate r is constant along upward-sloping diagonals, s is constant along
downward-sloping diagonals, and n is constant along horizontal lines.

(0")
()0
(022) (121) (220> 121 r s
(033) (132) <231> (330> 1 4 6 4 1
() () G2 () () "

(a) Addresses (b) Values of the (¢) Lines of
coefficients constant n, r, §

Figure 1 Addresses, values, and lines of constant n, r, s in Pascal’s Triangle

The photographs in FIGURE 2 show the locations of the binomial coefficients in a
plane and of the trinomial coefficients in space.

One way to think of the tetrahedron is in terms of its layers. The layers are planes
with constant n, and in FIGURE 2b they are represented by planes of constant color.
In FIGURE 3a we display the addresses of the trinomial coefficients, and the corre-
sponding numerical values appear in FIGURE 3b. Think of these as the layers stacked
up from the top down as in FIGURE 2b. FIGURE 3c shows the constant planes and
FIGURE 3d shows the constant directions, at layer n, for Pascal’s Tetrahedron.

Homologues. We need also the concept of homolgues, which, as we have said, is due
to the mathematician and expositor George Pélya. Pélya often spoke of homologues
but never wrote about them explicitly. However, we were fortunate to enjoy a relaxed,
friendly relationship with Pdlya in his later years, and he asked us to write about this
idea on his behalf—which we have now done [3, pp. 172-193]. Here we introduce a
simplified definition, suitable for our setting.
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Figure 2 (a) Triangle in a plane; (b) Tetrahedron in space

=3 (oo Gro) (o)) 1os
Cod(i)lz) e : ‘
(152)(072) L
(o) 1
(a) (b) (d)

Figure 3 (a) Addresses in Pascal’s Tetrahedron; (b) Values of the coefficients; (c) Planes
of constant n, r, s, t; (d) At level n, lines of constant r, s, t

Start with n pairwise-disjoint sets of addresses in Pascal’s Triangle (or Pascal’s
Tetrahedron), with each set consisting of ¢ addresses. Furthermore, the sets of ad-
dresses must be congruent, when seen as geometric figures. Then these sets of ad-
dresses are called homologues (of each other), or a set of homologues, if each is the
image of any of the others under a proper rotation in 2 or 3 dimensions.

FIGURE 5 serves as an example with n = 2 and ¢ = 3. The figure highlights the
6 addresses surrounding a particular address in Pascal’s Triangle. We take the central
point to be (r"s). The 6 addresses define a regular hexagon. In the figure, they are
partitioned into 2 sets marked & and <>, each consisting of 3 addresses forming an
equilateral triangle. A rotation of £60° maps either set onto the other, so they are
homologues of each other.
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Known results

In the last half century, patterns have been identified in Pascal’s Triangle that can
be moved to any location in the triangle and preserve certain numerical relationships
among the coefficients in the patterns. Often these turn out to involve homologues.
One of the beautiful patterns involves the homologues of FIGURE 5. Wherever the
pattern is centered, these 6 coefficients have the interesting property that the products
of the coefficients in each of the two homologues are the same, say N. Consequently,
the product of all six vertices of the hexagon forms a perfect square N2. This result
(from [6, p. 120]) is also shown in FIGURE 4 where the symbol % = (r”v) marks the

center of the array. With the homologues labeled & and <> we may state this briefly as:

[[»=]]¢

This result is known as the Star of David Theorem.

& <&
<& * &

& <&
Figure 4 The Star of David Theorem: [[& =[] <

(n—l) (n—l)
r—ls‘ rs—l<>
n n

* ()

<r—1s—|—1)<> r+1s—1 .
<n+l> (n+l)
rs—|—1‘ r—l—ls<>

Figure 5 The addresses for the lattice points in FIGURE 4, with subscripts to show the &
and < homologues

A straightforward algebraic proof involves writing out each of the binomial coeffi-
cients of FIGURE 5 and computing the products directly. One then finds that

B B (n—D!n'(n+ 1!
II*_ITO_(r—nwur+nus—nuus+ur

It is possible, however, using what we have observed about the geometry of Pascal’s
Triangle, to give a much easier proof that works not only for this theorem but for others
like it.

A geometric proof of the Star of David Theorem

First, in FIGURE 5, observe that along any horizontal line (where n is fixed) through
any & or <>, there are the same number of & and <> (exactly one of each in this case).
This ensures the same entry in the n position for that pair of coefficients. Next, observe
that along any upward sloping line (where r is fixed) through any & or <>, there are
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the same number of & and <> (again, one of each in this case), which ensures the same
entry in the r position for that pair of lattice points. The same thing happens on the
downward-sloping lines, where s is fixed. We have guaranteed that every & and every
< in the array has horizontal, upward-sloping, and downward-sloping lines passing
through it that pair it with lattice-point “partners” of a different suit. Since each side
of the equation has the same contributions from #n, the same contributions from r, and
the same contributions from s, we conclude that [[ & = [ <.

In FIGURE 6 we have eliminated % and drawn the lines slightly offset so that they
don’t obscure the symbols. A small triangle is thereby created about each & and each
<. Looking ahead, it turns out that the analogue of this proof for trinomial coefficients
(where lines are replaced with planes) will create a small tetrahedron about each suit

symbol.

Figure 6 Geometric proof of the Star of David Theorem: [ & =[] ¢

A generalization. In [2, pp. 211-216] and [3, pp. 172-192] we discovered, using
sliding parallelograms, a generalization of the Star of David Theorem. The most useful
way to describe that result is as follows.

In Pascal’s Triangle, take an equilateral triangle of lattice points with edge-length &
that points up. Truncate from each corner an equilateral triangle of edge-length £, with
0 < £ < k/2, to obtain a semi-regular hexagon whose vertices are all lattice points.
This is shown in a typical case in FIGURE 7, where % = ("), k =8, £ =2. It is
then the case that [[Q = [ [ #® and, once again, the homologues are two equilateral
triangles (this time within a semi-regular hexagon). The geometric proof provides a
very quick way to see that this assertion is true.

*

o . . e
Figure 7 A more general Star of David theorem: [[O =[] ®
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In the papers [1, pp. 337-346], [S, pp. 351-356, 4201, [6, p. 1201, [7, pp. 252-255]
the authors always placed reference points % = (r”s) at the center of each pattern,
thus restricting their results to patterns with centers at a lattice point. But since the
reference point plays no role in the proof, no such restriction is required. Here we
place a reference point % outside the pattern, at the apex of the original triangle. This
suffices to define the addresses in the configuration.

To prove that [[O = [ # we may either work out the addresses and check the
arithmetic, or draw the 9 lines, three parallel lines in each of the n, r, and s directions,
to verify the geometric proof.

If an equilateral triangle of edge-length £ is truncated from each vertex of a triangle
of edge-length k = 3¢, the result is a regular hexagon (of edge-length ¢), rather than a
semi-regular hexagon, and so produces a symmetrical Star of David of arbitrary size.

Moving to the tetrahedron

Hoggatt and Alexanderson [5] begin with the following abstract:

The multinomial coefficients “surrounding” a given multinomial coefficient in a
generalized Pascal pyramid are partitioned into subsets such that the product of
the coefficients in each subset is a constant N and such that the product of the
coefficients “surrounding” a given m-nomial coefficient is N'....

In this article we are only concerned with the trinomial case m = 3:

HOGGATT-ALEXANDERSON THEOREM (from [5], with m = 3). The 12 trinomial
coefficients surrounding a given trinomial coefficient, (r'; t), may be partitioned into
3 subsets such that the product of the coefficients in each subset is a constant N and
such that the product of all the coefficients “surrounding” a given trinomial coefficient
is N3.

The right-hand part of FIGURE 8 shows the Magz model of these 12 coefficients.
On the surface of this figure one can see the vertices (balls) and edges (rods) of a
cuboctahedron.” The left-hand part of FIGURE 8 shows how the magnetic model is
embedded within the Pascal Tetrahedron.

Figure 8 On the right the 12 neighbors to () are at the vertices of a cuboctahe-

t
dron. The rods extending from the vertices of the front triangle on the cuboctahedron

correspond with the extended rods of the same triangular face embedded within a Pascal
Tetrahedron on the left.

*The cuboctahedron has 6 square and 8 regular triangular faces, with every vertex surrounded by the same
arrangement of faces. It is one of the 13 semi-regular polyhedra known as the Archimedean solids.
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—1 n—1
Level n — 1: (” ) ( )
rflst<> rsflt*
n—1
rstflo
Level n: < " ) ( " >
rflst+l‘ rsflt+l<>

n n
<r71s+1t>(9 * <r+1s712>®
(estimn), (antin)
rs-i-lt—l<> r-‘rlst—l‘

. n—+1
Leveln + 1: <r s z+1>®

(}’l+1> (n-i—])
rs-‘rlt‘. r-‘rlst<>

Figure 9 The trinomial coefficients at levels n — 1, n, and n+ 1 for the cuboctahedron
of FIGURE 8. We find that [ & =[] =[] <.

To prove that the product of all the vertices on the boundary of the cuboctahedron is
a perfect cube, say N?, simply multiply together all of the trinomial coefficients whose
addresses are explicitly given in FIGURE 9, surrounding % = (" ). Remembering
that ( " ) = " we readily see that the product of these 12 coefficients is

rst ristt!?

{ (n — D! [P+ 1)! F_M
=D —DI@— DIPPSPIP e+ DI+ DIe+ D 0

The subscripts in FIGURE 9 indicate the &, <, and © homologues, each consisting
of 4 lattice points in the Pascal Tetrahedron.* Now, since the Star of David Theorem
for binomial coefficients has two homologues, each of which is an equilateral triangle,
we guess that the 3 homologues here will be the vertices of a tetrahedron, but we need
to check this out. In FIGURE 10 we show a topographical illustration of the vertices of
the cuboctahedron as seen when looking straight down towards the center of the model
through the triangular face lying in the plane where n — 1 is constant; that is, the top
triangular face in the cuboctahedron of FIGURE 8. Similar topographical illustrations
could be drawn looking straight towards the center of the model through a triangular
face lying in the plane where r — 1, s — 1, or# — 1 are fixed.

It is then a straightforward computation to show that

[I=1I¢=1]°
(n— D20+ 1) B

T r—DIG-DIC - DIFPEPERC+ DI+ DI+ D)

With the magnetic model in hand it is, in fact, very easy to give a geometric proof
completely analogous to that given for the Star of David Theorems in the plane. One
need only verify that each of the 4 planes passing through the boundary points of the
cuboctahedron, in each of the 4 four directions n, r, s, and ¢, contains the same number
of &, <, and Q, so that each &, <>, and © lies in a plane with matching symbols of the

*This partition of the 12 points is not unique. There are other partitions that satisfy the product property, but
we have not found any other partitions that produce homologues.
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Figure 10 A topographical diagram of the cuboctahedron in FIGURE 8

other two types. If these planes were offset slightly, each symbol would be surrounded
by a small tetrahedron (which is analogous to the small triangles surrounding each suit
in FIGURE 6).

Now we check to see if the three homologues are, in fact, in the shape of tetrahedra.
Surprisingly, they are not! Our guess was wrong! With the model in hand, or with
FIGURE 10, one quickly sees that the 4 vertices connecting either the &, <, and ©
form, in fact, a square! The squares are, of course, still homologues, but they don’t
have the shape we expected.

Understanding the 3-dimensional analogues

It was this unexpected discovery that led us to get out the Magz and try to understand
the situation better. We first conjectured that the way to generalize the more general
Star of David Theorem to trinomial coefficients was to begin with a regular tetrahedron
within the Pascal Tetrahedron and then truncate a smaller tetrahedron from each vertex,
obtaining a truncated tetrahedron, as shown in FIGURE 11.

Figure 11  The result of truncating a unit tetrahedron from each vertex of a tetrahedron of
edge-length 5. The rods protruding from the vertices correspond with the vertices labeled
Qin FIGURE 12.
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The addresses for the vertices of the models of the form shown in FIGURE 11 are
expressed in terms of the address of the top lattice point, (r X t) of the original tetrahe-
dron (before truncation). (The centers of regular tetrahedra within Pascal’s Tetrahedron
are not necessarily lattice points, so we can’t reliably choose the center as a reference
point.) Thus, when a regular tetrahedron of integer edge-length k has cut off from each
vertex a tetrahedron of integer edge-length ¢, where 0 < £ < k/2, the addresses, at
levels n + ¢, n + k — £, and n 4+ k may be expressed according to level as shown by
the topographical diagram in FIGURE 12.

n+k < n+t ) n+k
r+k—C s+ 1) 4 r+l s 1) r+l s+k—€ 1)y

/ ket
rtk—L s z)o\/ / \_/ (r s+k—t f)o

n+k . L n+k
r+k—€ s t4+€) ros+k—C t+£)

n+k ] n+k
r+l s t+k—t) ( n+k—¢ ) ros+e o t+k—t)

ros t+k—L/ s

Figure 12 A topographical diagram generalizing the polyhedron of FIGURE 11, where
a tetrahedron with integer edge-length k, with top vertex at (7 ), has cut off from each
vertex a tetrahedron of integer edge-length ¢, where 0 < ¢ < k/Z

In FIGURE 12,

[[*=]]¢=]]®
_ (n+k—0!(n+0![(n+k)
D2 OO+ k=D (s+Hk =D\t +k—0)!

Once again each of the three homologues has 4 vertices, but this time each homologue
is a special semi-regular tetrahedron whose faces are isosceles triangles with the 2
shortest edges being perpendicular to each other in space as can be seen by studying
FIGURE 11.

This generalization still didn’t explain the Hoggatt-Alexanderson result. So we con-
sidered what happens when you begin with a regular tetrahedron and truncated each
edge. We will explain this with a particular, but not special, case to illustrate what
happens.

Beginning with a 5-unit tetrahedron whose top vertex is located at ( s ) we truncate
each edge by 1 unit to obtain the polyhedron shown in FIGURE 13.

If the top of the original 5-unit tetrahedron is located at ( ) then the addresses
for the trinomial coefficients at the three levels are as shown in FIGURE 14, with suit
subscripts indicating the partitioning of the 12 vertices into 3 sets, each of which is a
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Figure 13 A 5-unit tetrahedron with 1 unit truncated from each edge. The protruding
rods correspond with the vertices labeled < in FIGURE 14. The < vertex at the top in
FIGURE 14 is not visible in this photograph.

semi-regular tetrahedral homologue, and for each of which the product of the trinomial

coefficients at their vertices is the same number, N (and, consequently, the product of
all 12 vertices is N?).

n+5
( n+4 ) r+l s+1 143/, ( n+4 >
V)

ros+1 t43 r+l s 143
o | .

n+2 :’\' n+2
\
ros+1 t+1/o N r+l s 141/ 4

n+4 e 4 n+4
ros3 1) o N o % / r43 s 141/,

1
!
n+5 : ‘ n+5
r+1 543 141/ 4 r+3 s+1 t+1/

n+4 n+4
r+l s+3 t/o n+2 r+3 s+1 1),
r+l s+1 1/

Figure 14 A topographical diagram of the polyhedron of FIGURE 13

Thus, in each of the homologues for the truncated tetrahedron shown in FIGURES 13
and 14,

[T4=]T¢=]I°
(n+ 5! + P (n +2)! _

T ISt [0+ DIP[s + DIP[C+ DIP 36+ 30 +3)!

When the truncation results in genuine rectangles, the partition results in homo-
logues that form interpenetrating tetrahedra. (The vertices of one such tetrahedron are
shown by the short rods sticking out from its vertices in FIGURE 13.) However, when
the dimensions of the truncation with relation to the original tetrahedron are such that
the quadrilaterals become squares, then the partitioned sets become the vertices of
squares on a cuboctahedron (see FIGURE 8). And now we can see that the Hoggatt-
Alexanderson theorem may be regarded as the degenerate case of the edge truncation
of a regular tetrahedron.
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But that isn’t the end of the story, for if in FIGURE 12 the value of k is an even
number, then the choice of £ = k/2 produces an octahedron where the two distinct
vertices along the edge of the original large tetrahedron coalesce, producing a regular
octahedron having only 6 vertices. So let us look more carefully (see FIGURE 15) ata
typical (or perhaps special) case; namely when k = 4 and £ = 2.

Figure 15 (a) The octahedron resulting from truncating a 2-unit tetrahedron from each
vertex of a 4-unit tetrahedron. (b) The octahedron in Figure (a), where short protruding
rods identify the “equator” and long protruding rods identify the north and south poles of
one of the 3 octahedral homologues. The 5 visible rods that you can see correspond to
5 of the & symbols in FIGURE 16 (the & at “1 o’clock” in FIGURE 16 is not visible in this
photograph)

Now we see that, for this special octahedron of edge-length 2, the product of its 6
vertices is

( (n+2)! (n +4)! )3
FLr+2s! (s + 2111 (c +2)1 )

and the 3 homologues are the line segments joining opposite vertices. (These are the
vertices of the biggest hexagon in the FIGURE 16.) However, if you were to truncate
at each of this octahedron’s vertices a 1-unit square pyramid, this figure would be the
Hoggatt-Alexanderson polyhedron, and we already know that for that polyhedron we
have 3 homologues that are squares. If we put these two facts together we get another
surprising result; namely, the product of the 18 lattice points on the boundary of the
octahedron in FIGURE 15 (whose addresses are displayed in FIGURE 16) is

( n+2)!n+3)!n+4)! >2 3
PLr+ DI+ + DI+l e+ DI +2)1) |

and each of the 3 homologues is an octahedron(!) (where the side length of the poly-
gon about the octahedron’s “equator” is shorter than the side lengths that go from
the equator to the north and south “poles”). The rods sticking out from the edges in
FIGURE 15b show one such homologue. Another feature of these homologues that is
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different from our preceding examples is that the product of the 6 trinomial coefficients
of each individual homologue is a perfect square. This may be seen from the fact that
two elements from each homologue lie in each of the n, r, s, and ¢ planes. This natu-
rally raises the question as to whether we can find other analogous sets of homologues
for binomial coefficients—and whether we can find a set of homologues, in either the
binomial or trinomial coefficients, where each individual homologue is a perfect cube,
fourth power, or something else.

In FIGURE 16 the six points that are the vertices of the big outer hexagon are, in
the Pascal Tetrahedron, the vertices on an octahedron, so products of pairs of the cor-
responding trinomial coefficients are equal. The remaining 12 points (the points of bi-
section of the edges of the octahedron) are, of course, the vertices of a cuboctahedron.

FIGURE 10 is also a cuboctahedron, and the two may be made compatible by the
substitutions of r — 1 forr, s — 1 for s, t — 1 for t, and n — 3 for n in the 12 points of
FIGURE 16.

n+2

n+3 ) <rs z+2>4 (

n+4
ros+l 142/,

r+1 s+1 t+2>“
n+3

<r+1 s l+2>@

n+2

<r s+1 t—H)@

4 < n+4 )
n+ /
r+2 s t+2
<r s+2 t—|—2)@\ ety Gl SR L it et ©
\ /
\ ’ n+2
\ N\l s 141/,
( n+3 ) \\ ,I
ros+2 t41/) 4 i p ,_< n+3 )
\\ \ ’ ,’ r+2 s 1+1/ 4
< ) \ ’ 5
/
\
r+1 s+2 t+1 o \\ k ,I\,,
- > L n+2

) . ¥ /
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Figure 16 A topographical view of the model shown in FIGURE 15, assuming that the
top of the original tetrahedron, before truncation, was (,7 )

Now we have yet another way to view the Hoggatt-Alexanderson result. But we also
have many more questions. For example, if we consider all of the boundary points on
our previous constructions can we obtain suitable homologues for those lattice points?
The number of vertices involved along all the edges is a multiple of 3, so it looks
plausible.

Thus, although we have come some way in understanding the analogue of the Star
of David Theorem for trinomial coefficients, we are convinced that we are a long way
from understanding the general situation for multinomial coefficients—and there may
even be much more to explore for the trinomial coefficients. However, we are content,
for the moment, to stop here and let interested readers pursue these matters on their
own.

We hope you will want to find some magnetic toys and begin your own explorations!
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In Part II, by one of the authors (JP) and her student, Victor Garcia, a generaliza-
tion of the edge-truncated tetrahedron is discussed and analogues of both the vertex-
truncated and edge-truncated tetrahedron are carried out in Pascal simplex. In this
investigation the authors use the restriction that £ < k/3 in the edge-truncated case
so that they avoid the complexities of the degenerate cases above (and leave them for
others to study).

Acknowledgment  The authors would like to thank Gerald Alexanderson, Victor Garcia, Peter Ross, Geoffrey
Shephard, and the referees for their helpful comments, and contributions to, various versions of this manuscript.

REFERENCES

1. H. W. Gould, Equal products of generalized binomial coefficients, Fibonacci Quarterly 9 (1971) 337-346.

2. Peter Hilton, Derek Holton, and Jean Pedersen, Mathematical Reflections—In a Room with Many Mirrors,
2nd printing, Springer Verlag, N. Y. (1998).

3. Peter Hilton, Derek Holton, and Jean Pedersen, Mathematical Vistas—From a Room with Many Windows,
Springer Verlag, N. Y. (2002).

4. Peter Hilton and Jean Pedersen, Stop-sign theorems and binomial coefficients, Mathematical Gazette 94
(2010) 247-261.

5. V. E. Hoggatt, Jr., and G. L. Alexanderson, A property of multinomial coefficients, Fibonacci Quarterly 9
(1971), 351-356, 420.

6. V. E. Hoggatt and W. Hansell, The hidden hexagon squares, Fibonacci Quarterly 9 (1971), 120.

7. Calvin T. Long, Arrays of binomial coefficients whose products are squares, Fibonacci Quarterly 11 (1973),
449-456.

8. Calvin T. Long and Verner E. Hoggatt, Jr., Sets of binomial coefficients with equal products, Fibonacci
Quarterly 12 (1974), 71-79.

9. Calvin T. Long and Shiro Ando, Another generalization of Gould’s Star of David Theorem, Fibonacci Quar-
terly 30 (1992), 251-255.

=+ 10. Zalman Usiskin, Perfect square patterns in the Pascal triangle, Math. Mag. 46 (1973), 203-208; http://

dx.doi.org/10.2307/2688302.

Summary This paper describes how the authors used a set of magnetic toys to discover analogues in 3 dimen-
sions of well known theorems about binomial coefficients. In particular, they looked at the Star of David theorem
involving the six nearest neighbors to a binomial coefficient (f) If one labels the vertices of the bounding hexagon
with the numbers 1, 2, 3, 4, 5, 6, consecutively (in either direction), then the product of the coefficients with even
labels is the same as the product as the coefficients with odd labels. Furthermore the two figures formed by con-
necting the odd and even vertices are both equilateral triangles arranged so that a rotation of £60° exchanges the
triangles. There is a generalized Star of David theorem concerning a semi-regular hexagon with similar results.
The paper describes analogous results for trinomial coefficients involving, sometimes but not always, tetrahedra
instead of triangles.

PETER HILTON (1923-2010) began his mathematical career at the age of 18. He was “drafted” during his
freshman year at Oxford, in January of 1942, and sent to work decoding German codes at Bletchley Park during
WWII. After the war he was awarded an M. A. at Oxford in 1948, a D.Phil. from Oxford in 1950, and a Ph.D. from
Cambridge in 1952. Subsequently he became a world-renowned algebraic topologist. However, he had an interest
in all things mathematical. He worked on any mathematical problem that piqued his interest and maintained, until
the time of his death, an enthusiasm for mathematical problems and their solutions. This is the last paper on which
he worked.

JEAN PEDERSEN began her mathematical career many years later than Peter Hilton. She has mathematical
interests in polyhedral geometry, combinatorics and number theory. Jean and Peter co-authored 144 papers and
6 books. Their most recent book, A Mathematical Tapestry: Demonstrating the Beautiful Unity of Mathematics
(Cambridge University Press, 2010) chronicles many of their discoveries over the past 30 years. The current paper
is a result of questions that arose when she taught Combinatorics at Santa Clara University. A sequel to this paper,
written with her student, Victor Garcia, will appear soon in this MAGAZINE.


http://dx.doi.org/10.2307/2688302
http://dx.doi.org/10.2307/2688302

NOTES

Picturing Irrationality
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Proving the irrationality of V2 is arite of passage for mathematicians. The purpose of
this note is to spread the word of a remarkable geometric proof, and to generalize it.
The proof was discovered by Stanley Tennenbaum [9] in the 1950’s, and first appeared
in print in an article by John H. Conway [3]. Details omitted here can be found in our
arXiv post [8].

Tennenbaum’s proof

We now describe Tennenbaum’s wonderful geometric proof of the irrationality of v/2.
Suppose that +/2 = a/b for some positive integers a and b; then a®> = 2b>. We may
assume that a is the smallest positive integer for which this is possible. We interpret
this geometrically by constructing a square of side a and, within it, two squares of side
b (see FIGURE 1). Since the combined areas of the squares of side b equals the area
of the square of side a, the shaded, doubly-counted square must have the same area as
the two white squares. We have therefore found a smaller pair of integers u and v with
u? = 2v?, which is a contradiction. Thus /2 is irrational.

2b—a

a-b b

Figure 1 Geometric proof of the irrationality of +/2
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a

Figure 2 Geometric proof of the irrationality of +/3. The white equilateral triangle in the
middle has sides of length 2a — 3b.

The square root of 3 is irrational

We generalize Tennenbaum’s geometric proof to show V/3 is irrational. Suppose not;
then +/3 = a/b, and again we may assume that a and b are the smallest positive in-
tegers satisfying a®> = 3b?. As the area of an equilateral triangle is proportional to the
square of its side s (the area is s2 - +/3/4), we may interpret a> = 3b* as the area of
one equilateral triangle of side length a being equal to the area of three equilateral
triangles of side length b. We represent this in FIGURE 2, which consists of three equi-
lateral triangles of side length b placed at the corners of an equilateral triangle of side
length a. Note that the area of the three doubly covered, shaded triangles (which have
side length 2b — a) is therefore equal to that of the uncovered, equilateral triangle
in the middle (which has integral sides of length 2a — 3b). This is clearly a smaller
solution, and a contradiction!

The square root of 5 is irrational

For the irrationality of /5 we have to modify our approach, as the overlapping regions
are not so nicely shaped (see FIGURE 3).

b

Figure 3 Geometric proof of the irrationality of +/5
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a-2b

Figure 4 Geometric proof of the irrationality of +/5: the kites, triangles and the small
pentagons. The small pentagon has sides of length a — 2b.

Suppose a*> = 5b* with, as always, a and b minimal. We place five regular pen-
tagons of side length b at the corners of a regular pentagon of side length a.

Note that this gives five small triangles on the edge of the larger pentagon which are
uncovered, one uncovered regular pentagon in the middle of the larger pentagon, and
five kite-shaped doubly covered regions. As before, the doubly covered regions must
have the same combined area as the uncovered regions.

We now take the uncovered triangles from the edge and match them with the dou-
bly covered parts at the bottoms of the kites (see FIGURE 4). This leaves five doubly
covered pentagons, and one larger uncovered pentagon.

A straightforward analysis shows that the five doubly covered pentagons are all reg-
ular, with side length a — 2b, and the middle pentagon is also regular, with side length
b —2(a — 2b) = 5b — 2a (see [8] for the full calculations). We now have a smaller
solution, with the five doubly counted regular pentagons having the same area as the
omitted pentagon in the middle. Specifically, we have 5(a — 2b)* = (5b — 2a)?; as
a =b/5and 2 < +/5 < 3, note that a — 2b < b and thus we have our contradiction.

How far can we generalize: To +/6 and beyond

We conclude with a discussion of one generalization of our method that allows us
to consider certain triangular numbers, though other generalizations are possible and
yield similar results. We hope the reader will explore these constructions further.

a

Figure 5 Geometric proof of the irrationality of +/6
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FIGURE 5 shows the construction for the irrationality of \/6 Assume \/6 =a/b
so a’> = 6b?%; as always, we assume a and b are the smallest positive integers satisfy-
ing this relation. The large equilateral triangle has side length @ and the six medium
equilateral triangles have side length . The 7 smallest equilateral triangles (6 double
counted, one in the center triple counted) have side length t = (30 — a)/2. It’s a little
work, but not too hard, to show that the triple-counted triangle is the same size. For
the three omitted triangles, they are all equilateral (angles equal) and of side length
s =b—203b —a)/2 = a — 2b. As the area of the smaller equilateral triangles is pro-
portional to > and for the larger it is proportional to s2, we find 8> = 3s% or 161> = 65>
so (4t/s)* = 6. Note that although ¢ itself may not be an integer, 4t = 2(3b — a) is an
integer, and we obtain our contradiction as we have found a smaller solution.

Can we continue this argument? We may interpret the argument here as adding three
more triangles to the argument for the irrationality of +/3; thus the next step would be
adding four more triangles to this to prove the irrationality of +/10. Proceeding along
these lines leads us to study the square roots of triangular numbers. Triangular numbers
are of the form n(n 4 1)/2 for some positive integer n, and thus the first few are
1,3,6,10, 15, .... We continue more generally by producing images like FIGURE 5
with n equally spaced rows of side length b triangles. This causes us to start with
a? = "0 b2 50 we can attempt to show that /n(n + 1)/2 is irrational.

By similar reasoning to the above, we see that the smaller multiply covered triangles
all have the same side length ¢, and that the uncovered triangles also all have the same
side length s. Further, ¢ equals (nb — a)/(n — 1), and we have that s = b — 21, so
s=b—-2mb—a)/(n—1) = 2a— (n+ 1)b)/(n — 1). To count the number of side
length ¢ triangles, we note that there are (n — 2)(n — 1)/2 triply covered triangles (as
there is a triangle-shaped configuration of them with n — 2 rows), and that there are
3(n — 1) doubly covered triangles around the edge of the figure, for a grand total of
2m—2)(n—1)/243(n —1) = (n — 1)(n + 1) coverings of the smaller triangle. Fur-
ther, note that in general there are (n — 1)n /2 smaller, uncovered triangles, so we have
that (n — 1)(n + 1)t> = ((n — 1)n/2)s>. Writing out the formula for s, ¢ (to verify that
our final smaller solution is integral), we have (n — 1)(n + 1)((nb — a)/(n — 1))* =
((n — DHn/2)((2a — (n + 1)b)/(n — 1))>. We now multiply both sides of the equa-
tion by n — 1 to ensure integrality, giving (n + 1)(nb — a)> = (n/2)(2a — (n + 1)b)*.
We multiply both sides by 1/2 to achieve a smaller solution to a®> = (n(n + 1)/2)b?,
giving us (n(n + 1)/2)(nb — a)> = (n(2a — (n + 1)b)/2)?. Note that this solution is
integral, as n odd implies that 2a — (n 4 1)b is even. Finally, to show that this solution
is smaller, we just need that nb — a < b. This is equivalentton — /n(n +1)/2 < 1.

We see that this inequality holds for n < 4, but not for n > 4. So, we have shown
that the method used above to prove that V6 is irrational can also be used to show that
V10 (the square root of the fourth triangular number) is irrational, but that this method
will not work for any further triangular numbers. It is good (perhaps it is better to say,
“it is not unexpected”) to have such a problem, as some triangular numbers are perfect
squares. For example, when n = 8 then we have 8 - 9/2 = 22 - 32, and thus we should
not be able to prove that this has an irrational square root!

Final remarks

There are many proofs of the irrationality of V2; see for example [1, 2, 7]. One partic-
ularly nice one can be interpreted as an origami construction (see proof 7 of [2] and the
references there, and [4, pp. 183—185] for the origami interpretation). Cwikel [5] has
generalized these origami arguments to yield the irrationality of other numbers as well.



114 MATHEMATICS MAGAZINE

The purpose of this note is to describe a geometric method which can be pushed
further than one might initially expect. The examples studied are not meant to be ex-
haustive, but rather should be viewed as a representative sample of what can be done.
Our hope is that the reader will find and communicate many more.
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Gauss’s Lemma and the
Irrationality of Roots, Revisited
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Browsing through the Biscuits [1], I came across an article by Harley Flanders that
was originally published in this MAGAZINE [3, 1999]. In it, Flanders rephrases T. Es-
termann’s [2, 1975] proof of the irrationality of /2 to show the irrationality of +/k
for every non-square positive integer k. It turns out that Estermann’s idea can be fur-
ther extended to conclude that </k is either an integer or irrational, for every pair ,
n of positive integers. Even more is true: Estermann’s idea leads to a simple proof of
Gauss’s Lemma:
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GAUSS’S LEMMA. Every real root of a monic polynomial with integer coefficients
is either an integer or irrational.

For the case of </k, apply the theorem to the monic polynomial P (x) = x" — k.

The standard proof

The standard proof of Gauss’s lemma (e.g. [4, p. 41]) runs this way. Let r be a real
root of the monic polynomial

P(x) =x"+ x4 4 co, )]

where 7 is a positive integer and ¢y, ..., ¢,_; are integers. If r is not irrational, then
represent it as a fraction a /b with (a, b) = 1. Multiply the equality P(a/b) = 0 by b"
and isolate the leading term to obtain

a' = — (Cn_la"*lb + -+ cob") .

The right side is a multiple of b, but if b > 1 then the left side is not. Therefore b = 1
and 7 is an integer. ]

Though quite simple and short, this proof hinges in an essential way on divisibility
properties of the integers. One must know that if b has a prime factor p that does not
divide a, then p does not divide any positive power of a. The use of this principle in
some form seems unavoidable.

An alternative proof is offered below. It uses neither prime factorization nor divis-
ibility; it does not even require one to know what it means for a number to be prime.
It assumes only that the set of natural numbers is well ordered, i.e., that each of its
nonempty subsets has a least element.

The alternative proof

Let r be a real root of the monic polynomial (1), and suppose that r is rational but
not an integer. Then r is uniquely (and strictly) sandwiched between two consecutive
integers,say g <r < g + 1.

Since r is rational, so are its first (n — 1) powers, r!, r
the set

2, ..., r"!. Consequently,

M :={m > 0|m,mr,mr*, ..., mr""" are integers}
is nonempty. Since r is a root of the polynomial, " = —(c,_1r"~' + - -+ + ¢,). For
everym € M, m(c,_;¥"~' + -+ c;r + ¢p) is an integer, and thus mr" is an integer
as well.

We claim that, for every m € M there is an m’ € M with 0 < m’ < m. Given m €
M,setm’ = (r —q)m.Thenforeachi =0,...,n —1wehavem'r’ = mr't' — gmr',
which is an integer; som’ € M;and 0 < m’ < m because 0 <r —q < 1.

Thus M cannot have a least element. It follows that r must be an integer or irrational.

|

Should one be interested in </k only, specializing the above argument to polynomi-
als of form x" — k yields a direct proof. Further specialization to the single polynomial
x2 — 2 leads all the way back to Estermann’s argument [2] for the irrationality of +/2.

The simple alternative argument presented here deserves to be widely publicized
and should become a standard textbook proof.
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Summary An idea of T. Estermann (1975) for demonstrating the irrationality of +/2 is extended to obtain a
conceptually simple proof of Gauss’s Lemma, according to which real roots of monic polynomials with integer
coefficients are either integers or irrational. The standard proof of the lemma is also reviewed.

Minimizing Areas and Volumes and a
Generalized AM—GM Inequality
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Most calculus teachers have, at some point, encountered optimization problems like
these:

Problem A. Find an equation of the line through the point (3, 5) that cuts off the
least area from the first quadrant. (Exercise 4.7.50 of [14])

Problem B. Find an equation of the plane that passes through the point (1, 2, 3)
and cuts off the smallest volume in the first octant. (Exercise 14.7.56 of [14])

We will see that these problems and their solutions generalize in a natural way to
an arbitrary number of dimensions, as well as to different classes of curves and sur-
faces. This leads us to a generalized Arithmetic-Mean—Geometric-Mean Inequality,
and some related inequalities. We then suggest some related problems, suitable for
student projects, with answers provided at the end. The bibliography provides readers
with further avenues to explore both the AM-GM inequality and optimization.

Minimizing volume in R’

In Problem A, observe that the area of the triangle determined by the line becomes arbi-
trarily large as either the line’s x-intercept approaches 3 or its y-intercept approaches 5.

Math. Mag. 85 (2012) 116-123. doi:10.4169/math.mag.85.2.116. © Mathematical Association of America
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Therefore, by continuity, there must be a line for which the area is minimized. A sim-
ilar argument shows that in Problem B, there must be a plane for which the volume is
minimized. Having determined that such a plane exists, we set about finding it, replac-
ing the point (1, 2, 3) with an arbitrary point, (r, s, ¢) in the first octant. So, we want
the equation of the plane that contains the point (r, s, t), passes through the positive
coordinate axes, and cuts off the least volume (in the first octant).

Suppose the plane has equation

24
b

wherea >r > 0,b > s > 0,and ¢ > t > 0. Then a, b, and c are the intercepts, and
we are treating them as the variables that define the unknown plane.

X Z
i,
a C

P

Figure 1 Volume formed in the first octant

Since the volume of the tetrahedron cut off by the plane is
abc
3

we need to minimize the function f(a, b, ¢) = abc on the regiona > r,b > s,¢c >t
subject to the constraint

V =

r N t
g(a’bac): _+_+_: 1
a b ¢
The technique of Lagrange Multipliers (left to the reader) shows that the minimum
volume occurs when a = 3r, b = 3s, and ¢ = 3¢, so that the desired equation of the
plane is
X y z
RN SRNE A
3r + 3s + 3t
and the minimum volume equals V = (3%/3!)rst. For example, in Problem B, the
desired plane has equation

X y z
Sy,
3+6+9

and the minimum volume is V = 27 cubic units.
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The general case in R”

Here, we are given a point r = (r, 1y, ..., 1,) in R", with r;, > 0 for all i, and we
wish to find the equation of the hyperplane that contains the point » such that the
content (n-dimensional “volume”) of the resulting region “cut off” by the hyperplane
is minimized. If the hyperplane has equation

X X Xn
_1_|__2_|_..._|__=],

ag ay a,
where for each i, we have a; > r; > 0, then the content of the region is
ajay...a,
C,=—.
n!

(See [13]. Note that the case n = 2 is the familiar formula for the area of a right
triangle.) Thus, the problem becomes that of finding the values of @; minimizing the

function f(ay, ay, ..., a,) = aia, - - - a, subject to the constraint
ry r T'n
gana,...a)="+24. 2= (1)
aj a an

Again, the technique of Lagrange Multipliers leads us to conclude that the minimum
content occurs precisely when a; = nr;, so the hyperplane has equation

and the minimum content is

C, = S ALERRR
n

For example, in Problem A, the minimum area is (22/2!) - 3 - 5 = 30 square units.
We can state the result of this minimization in the form of an inequality. If

ai, a, ..., a, are any values satisfying the constraint (1), then
aiay---ay > n"riry- -1y, 2)

Since the minimum we found above is unique, equality occurs in (2) if and only if
a; = nr; forall i.

(An aside: If we consider an infinite sequence (r,) of positive real numbers such
that r, — 1, then curiously, we have

If we take a; = Z:f:l r; for all i, then (1) is satisfied, so, applying (2), we obtain

n

n
dori| zathryor, 3
j=1

with equality if and only if ) _, r; = nr; for all i, which is easily seen to be equivalent
tor; =ry, = --- = r,. Dividing both sides of (3) by n" and taking nth roots yields the
Arithmetic-Mean—Geometric-Mean (AM-GM) Inequality:

1 n
;Z’”ji«"/”lrz"'rn, 4
j=1

with equality if and only if ry = r, = --- =r,.
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A generalized AM-GM inequality

There is nothing special about planes in this construction. We might just as well con-
sider an ellipsoid, with constraint equation

2 2
r Ty
(_> +'.'+(_) =1
a ay

Or, we might consider surfaces with other exponents in place of 2. We are thus led to
the problem of minimizing f(ay, as, ..., a,) = a1a; - - - a, subject to the constraint

n q
r;
g(a17a27‘~-’an)=2<j> =1’

i=1

where ¢ is a fixed positive exponent. In this case, we find that the minimum value of
fisn™4riry - - -r,, which is attained when a; = n'/9r; for each i.

We can generalize further by allowing exponents in the objective function, and fur-
ther still by allowing all of the exponents to be different in each dimension. This sug-
gests we consider the general problem of minimizing the function

flar,aa,...,a,) =al'al*---alm

subject to the constraint
n o\ 2
a, da, ..., 04,) = = =1 5
glar, a ) ; (a) (5)

where p;,q; > 0, and @; > r; > 0 for all i. The technique of Lagrange Multipliers
then requires us to solve the system

f(a17a27 .. '7an) (pl/a19 p2/a29 LRI pn/an>

q1 (‘II‘H) 92 7, (q2+1) n / (Gn+1)
< qiry /a —qary”/a, seees =g /a] >’

together with the above constraint.
Leaving the details of solving the above system to the reader, and setting k; = p;/q;,
and K = )__ k;, we find that the minimum value of f subject to the constraint (5)

occurs when
K 1/gi
a;, = | — ri.
(%)
Thus, if a; > r; satisfy (5), then

K\" K\ K\
flai, a,...,a,) =al'a® - a””>(k—l) ! (k_z) rz”"'(g) Y

K
K P1 r/’z rpn
kkl kk2 . kk" 1 2 n
Dividing both sides by KX, we have
pr P2, Pn p1..p2 | Pn
a;'a -a ri'r -rk
1 "2 n > 172 (6)

KK kklkkz . kk,,
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N Vai
Now, if for each i we take a; = (Z’;: | rj’ ) , then (5) is satisfied, since for each i,

7 qi _ riqi _ r[qi
a; al’ YV

j=1"J

we have

1/q;
So, substituting a; = (Z'} | 7’ in (6), and taking K'th roots of both sides of the
resulting inequality, we obtain the following generalization of the AM-GM Inequality.
THEOREM. Letr;, p;,q; > 0be given for 1 < j < n; for each j letk; = %, and
J

let K =3 k;. Then
1/K
P1.,.P2 Pn
0 r
_Z ’ <kk|kk2 ,kn> ’ )

with equality if and only if

q1 q2 q
no_n rin
ki ko ky

The AM-GM Inequality (4) is obtained upon taking p; = g; = 1 for all j in (7).

By making particular choices of the constants p;, g;, r;, we obtain some interesting
special cases, which we give as corollaries. After the statement of each corollary we
indicate briefly how to verify the result. The first corollary, below, was previously given
in [9]. It has been referred to as the general AM-GM inequality in [12], and can itself
be used to derive (7).

COROLLARY 1. Letr;, p; > 0 be given for 1 < j < n, and suppose 2;21 pj=1
Then

n

P P1,.P2  .Dn
§ :p]r]Zrl r e
=1

To verify, in (7) take g; = 1 for all j, replace r; with p;r;, and use the assumption that
Z;'.zl p; = 1. As noted in [9], this result yields Young’s Inequality:

n

Ly
—a;" zZaay- -y,

=1 Pi

. n 1
where a;, p; > Oforall jand }}_, — = 1.
D

J

COROLLARY 2. Let p; > O0for1 < j <n, andlet p = 22:1 pj. Then
pP < (np)’(np)™* - - - (np,)™.

To verify, in (7) take r; = g; = 1 for all j. Then, take reciprocals of both sides of (7)
to obtain

P )I/P'

<(p{'p3*---pl

Raise both sides to the power p and simplify.
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For example, for each n, let
1+ : + : + :
Sn — —_ —_ e —,
23 n

Then

<S_n>s” <1233y,
n

COROLLARY 3. Letr > Oandletq; > 0for1 < j <n. Let

-1
o={>q
j=1
Then
. 0
0Y 1 = (g " rqy'™) -+ (rg) ™)

j=1
To verify, in (7) take p; = 1 and r; = r for all j, and let Q be as defined, so that
0=1/K.
COROLLARY 4. Suppose q; > 1 for all j, and Z';zl i = 1. Then for all x > 0,
J
we have

n
quj—n > qll/qlqzl/qz . ,qi/qn'
j=1

This is easily verified by substituting x for  in Corollary 3, and simplifying.
EXAMPLE. Taking
g =2,9, =3, and g3 = 6,

we have
1
f) ==+ 1+x>> V273V,
X

forall x > Q.

In fact, this last inequality is not the best possible. The minimum value of f on (0, co)
is 1 4+ 4/3%4 ~ 2.75477, while v/2v/3/6 ~ 2.74946.

Problems

These vary in difficulty, and may admit interesting generalizations, suitable for student
projects. Throughout, we assume r, s, t > 0 are given. Answers are given in the last
section.

1. Find the equation of the parabola in R? that opens downward, with nonnegative
y-intercept, that passes through the point (r, 5), and that cuts off the smallest area
in the first quadrant. (This problem was also discussed in [5].)
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2. Find the cosine function of the form
TX
=beos (35,)
y cos P

whose graph passes through the point (r, s) and cuts off the smallest area in the
first quadrant. Repeat for sine functions of the form y = b sin (’;—X) (Note: In both
cases, a, b can only be determined numerically.)

3. Find the equation of the elliptic cone about the z-axis of the form

z=c (1 —V/x%/a® + yz/bz) ,

that passes through the point (r, s, t) such that the volume of the solid region
bounded by the cone and the xy-plane is minimal.

4. Find the equation of the elliptic paraboloid, centered at the origin, of the form
z=c (1 —x*/a* — yz/bz)
that passes through the point (7, s, ¢) such that the volume of the solid region

bounded by the paraboloid and the xy-plane is minimal.

5. Find the function f(x,y) = Ce **~™ where C,k, m > 0 whose graph passes
through the point (7, s, t) and such that the volume under the surface z = f(x, y),
given by [° [i¥ f(x, y)dA, is minimized. Similarly, find C, a, b > 0 for the sur-

face f(x,y) = C - exp (—Z—; — Z—i) over all of R?.

Answers to the problems

1. The equation is y = —x(2x — 3r), giving minimum area %rs.

2. Let « be the unique angle in the interval (0, 7 /2) such that o tan(«) = 1. (Note that
o = 0.860334.) The cosine function is y = s sec(a) cos(ax/r), giving minimum
area A = (sec(a)/a)rs ~ 1.78223rs. Let B be the unique angle in the interval
(/2, ) such that tan(8) = —B. (Note that 8§ ~ 2.02876.) The sine function is
y = scsc(B) sin(Bx/r), giving minimum area A = 2(csc(B)/B)rs ~ 1.09908rs.

3. The cone has equation z = 3¢t — ¢,/ 2:‘—22 + 25_22 giving minimal volume V = %”rst.

4. The paraboloid has equation z = 2¢ (1 - % — i‘;—i), giving minimal volume V =
4mrst.

5. The first surface has equation z =t exp(2 — x/r — y/s), giving minimal volume
V = e*rst. The second surface has equation z = t exp(1 — x2/2r% — y?/2s?), giv-
ing minimal volume V = (2mwe)rst.

Resources

Here is a basic guide to the topics discussed in the references.
The AM-GM inequality: [3, 4, 8]

Optimization: [1, 5, 9, 11]; in particular [5] discusses an interesting property of the
solutions to optimization problems like those above.

Both optimization and the AM-GM inequality: [2, 6, 7, 12].
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Summary Solving optimization problems via Lagrange Multipliers leads us to a generalized AM-GM inequal-

ity.

. We give several related optimization problems, suitable as projects for calculus students, with answers pro-

vided at the end.

Proof Without Words: +/2 Is Irrational
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The side length and diagonal are incommensurable.

N
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A Generalization of the Identity cos % — %
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Recently, while computing Riemann sums for the integral fon/ ?cos x dx in a calculus
class, the first author noticed that

cos £ =0.809016994 ... and cos 2?” = 0.309016994 . ..

appear to share all but their first digit. Is this a coincidence? No, since it turns out that

T 2r __ 1
COSE—COS?—Z.
It is also true that
T 2 3z _ 1
COS7—COST+COS7—2,
T 2 3 4r 1
COs § — COS - + COS = — COS 5~ = 3,
b4 2w 3 4 Sm _ 1
COS 7 — COS 77 + COS 37 — COS 71 + €08 I = 3,

and so on. In general, we will prove the following

THEOREM. Let n be any natural number. Then

IZ(—I)]‘+l cos km = 1
P 2n +1 2

Proof. Our proof uses complex numbers, the formula for the geometric sum and
the following two simple facts.

1. If x + y = 27 then cos x = cos y.
2. If x + y = m thencosx = —cos y.

First, observe that Zi’:{l cos (zznkfl) is the real part of Zi':[l e'2+T and the latter is

a geometric sum whose value is 0. Hence

a fact that has been explained in this and other ways in this MAGAZINE [1, 2]. Sepa-
rating the last term gives

Math. Mag. 85 (2012) 124-125. doi:10.4169/math.mag.85.2.124. © Mathematical Association of America
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Splitting the sum and letting the summation of the terms for k > n + 1 run backwards,
we obtain

- 2k . 22n+1—k
Zcos( T )+Zcos<u>=—l
— 2n +1 — 2n +1

22n+1—k)m
2n+1

) = cos (2"—”) so division by 2 gives

By Fact 1, cos ( It

Choose ¢ such that n = 2¢ or n = 2¢ + 1. Splitting the sum again and letting the
summation of the terms for k > ¢ + 1 run backwards, we obtain

¢ n—~{
2k 2 1 -k 1
E cos 7 + E cos u =——.
2n+1 2n +1 2
k=1 k=1
By Fact 2, cos (W) = —Cos (%), so the equation becomes
12 n—{
2k 2k —1 1
E Ccos I E oS Gk=Dm =——.
P 2n + 1 P 2n + 1 2

Combining terms gives

- f km 1
Z(—l) cos = —=
— 2n + 1 2

and multiplying by —1 yields the claim. ]

One can use the theorem just proved and the identity sinx = cos(3 — x) to obtain
a similar result for sums of alternating sines, namely

> cn (Bl U
— dn+2 ) 2 7

. . . . . T l
which generalizes the identity sin £ = 3.
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Summary Using Euler’s Theorem and the Geometric Sum Formula, we prove trigonometric identities for al-
ternating sums of sines and cosines.
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A Class of Matrices with Zero Determinant
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A linear algebra student noticed that

=0

AN L B~
O 00

1
det | 2
3

and asked whether this result could be generalized. A fruitful discussion followed and
eventually led to a matrix whose determinant involved the product of two Vander-
monde determinants.

The first observation was that an n x n matrix, [a;;], n > 3, with integer entries
a;j =i + (j — 1)n has determinant 0. This is seen by subtracting the first column
from both the second and third columns, and then subtracting the second from the
third column of the resulting matrix. We get two identical columns, so the determinant
is zero.

This was a quick result that used elementary row and column operations and an-
swered our question. However, we were not satisfied, so we looked for another direc-
tion to generalize and tried investigating determinants with entries raised to a power.
We found:

12 42 72
det| 22 5% 8 | = -216.
32 6% 92

However, this direction became fruitful when we found that
12 52 92 132
det 22 6% 10> 147 0
N2 2| ™
4> 8 122 167
This result led us to consider the following.

EXAMPLE. For real numbers a;, a,, as, as, by, bz, by:

(1% (a1 + b)) (a; +b3)? (a; + by)?
det a3 (a+b2)?* (ar+b3)* (ar + by)? 0
e =0.
ai (azs+b2)? (a3 +b3)* (a3 +bs)?

aj (as+b2)* (as+b3)* (as+bs)?

Math. Mag. 85 (2012) 126-130. doi:10.4169/math.mag.85.2.126. © Mathematical Association of America
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Solution. Subtract column 1 from columns 2, 3, and 4. In the resulting matrix factor
by, b3, and b, out of columns 2, 3, and 4, respectively. In the new matrix subtract
column 2 from columns 3 and 4. By factoring b3 — b, and by — b, out of columns 3
and 4, we obtain a new matrix with two identical columns. The new matrix must have
determinant zero, so the original matrix must have a zero determinant as well.

Using a computer, we confirmed that the determinant is zero for cases such as the
6 x 6 matrix [a;;] with integer entries a;; = (i + 6(j — 1))*. This led to a general
proposition, for which the proof followed steps similar to the previous proof but was
extremely cumbersome. However, as is often the case, a second proof, given below,
turned out to be surprisingly simple.

PROPOSITION 1. Let k and n be positive integers with n > k + 2. For real numbers
a, a,...,a,, by, by, ..., b, define

(a +b)F (a1 +Db)* (ar+b3)F -+ (a1 + b))
(a2 + b))k (@ +b)* (a+b3)k - (a4 by)*
C=| @+b)" (a3+b)* (az+b)f -+ (a3+ b))
(an + bl)k (an + b2)k (an + b3)k et (an + bn)k

Then, det(C) = 0.

In the example, b, was forced to be 0. Allowing b, to be nonzero adds symmetry to
the proposition, but does not enlarge the class of matrices covered by it.

Proof. We note matrix C has entries

k k
cij = (a; +bj)k = af‘ + (1)61;(_117]' +--+ <k _ l)aiblj_l —l—b?

where ] <i <nandl <j <n.
Write matrix C as a product of two n x n matrices with entries:

4 {(k)akH_j forl <i<nandl1<j<k+1,
ij =

j—1)4i
0 forl <i<nandk+2<j<n.

and

1 fori=1and1<j <n,
ey =1 b for2<i<k+1landl <j<n,

arbitrary fork+2 <i <nandl < j <n.
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a’l‘ (1 all (];)alfz 1 0 0
& G G

C =
af (at™' (Har 10 0

Since C = [d;;] - [e;;] and det([d;;]) = 0, we have det(C)

111 1
by by by - b,
bi by b3 - by
L S
B o# # # #
B o# # # #

=0. ]

An m x n matrix in which each row is a geometric progression starting with 1 is

called a Vandermonde matrix.

2 n—1

1 a a a;
1 a a2 a'!

2 2

V= o .
2 n—1

1 an a, - a,

and if the matrix is square (m = n), then

det(V)= [] (@ —a)).

1<i<j<n

The factorization of the matrix C in the proof of Proposition 1 leads to the next result,

where n = k + 1.

PROPOSITION 2. Let k be a positive integer with n = k + 1. For the matrix C as

defined in Proposition 1,

k
det(C) = (—1)["/2]H<I;) [T @-ap
j=1

I<i<j<n

Proof. Write

- _ 1

ai (ai Gar” e 1)

_ _ 1

| @ O Qe ]
i (e Gact - 1)\ y

[T @& —bp

I<i<j<n
1 1 1
b2 b3 Ce bn

b2 b2 .. B2
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Taking the determinant of C and factoring out the binomial coefficients we obtain

11 1 - 1
a ar e e bi by b b
1 2 3 n
Lok T | 2 12 g2 2
det(C):H(,)det _ _ | det] v by b3 --- b
o\ : : o S

J .
al]<(+1 alkcJ:ll “11:12 e 1 bllc blzc b13< bk

Interchanging the order of the columns in the first determinant, we obtain a Vander-
monde determinant. We account for the column change by using the greatest integer
function in the factor (—1)"/?!, Transposing the second determinant gives another Van-
dermonde determinant:

k
det(C) = (_1)l"/211_[(l;> [] @-ap [T @ -5 m
j=1

I<i<j<n I<i<j<n

We note that matrix C is zero if, and only if, two rows, or columns, of the matrix
are identical.

It is common to use matrices to solve a system of m linear equations in #» unknowns.
If the coefficient matrix is A, and if m = n, then the matrix equation

AX =B

can be solved if A is invertible, that is, if det(A) # 0.

APPLICATION 1. Find the equation of a polynomial of degree n — 1 whose graph
passes through n given points. This leads to a system of n linear equations in n un-
knowns whose coefficient matrix is a Vandermonde matrix.

APPLICATION 2. If the columns of an n x n matrix A are n-dimensional vectors,
then the linear dependency of these vectors is determined by considering the equation

d; 0

d, 0
A =

d, 0

If det(A) # 0, then the vectors are linearly independent; otherwise they are dependent.

The matrix C defined in propositions 1 and 2 occurs in problems of interpolation
by translates of a single function. Our results imply that for a positive integer k, k + 1
distinct shifts (x + a;)* of the polynomial x* are linearly independent, while k + 1
shifts of x", n < k are linearly dependent. Details of this application are found in [1,
Ch. 11].

Although most recent Linear Algebra texts omit Vandermonde determinants, their
usefulness is illustrated in a number of publications, which include [2, 3, 4, 5, 6]. We
found the generalization obtained above was well suited for class discussion and later
independent study.


http://www.jstor.org/page/info/about/policies/terms.jsp

130 MATHEMATICS MAGAZINE
REFERENCES

1. Ward Cheney and Will Light, A Course in Approximation Theory, American Mathematical Society, Provi-
dence, RI, 2009

2. Dan Kalman, The Generalized Vandermonde Matrix, Math. Mag. 28 (1984) 15-21; http://dx.doi.org/
10.2307/2690290.

3. Allan Klinger, The Vandermonde Matrix, Amer. Math. Monthly 74 (1967) 571-574; http://dx.doi.org/
10.2307/2314898.

4. David C. Lay, Linear Algebra and its Applications, Addison-Wesley, 1994.

5. Joseph J. Rushanan, On the Vandermonde Matrix, Amer. Math. Monthly 96 (1989) 921-924; http://dx.
doi.org/10.2307/2324589.

6. Mariam Schapiro Grosof and Geraldine Taiani, Vandermonde Strikes Again, Amer. Math. Monthly 100 (1993)
575-577; http://dx.doi.org/10.2307/2324617.

Summary Letay,a,...,ay, b1, b, ..., b, be real numbers and the n x n matrix C be defined with entries
cij = (a;i + bj)k, where £ is a positive integer. If n > k + 1, then det(C) = 0, and if n = k + 1, then det(C) is a
product involving two Vandermonde determinants.
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The Fibonacci sequence defined by Fy =0, Fy = 1, F,.; = F, + F,_; is clearly pe-
riodic when reduced modulo an integer m, since there are only finitely many possible
pairs of consecutive elements chosen from Z/mZ (in fact, m* such pairs) and any such
pair determines the rest of the sequence, both forwards and backwards. What is the
period of this sequence?

An upper bound is m? — 1 (since the sequence does not have a consecutive pair of
0’s), but the period is often much smaller. As examples, the Fibonacci sequence mod
11is:

0,1,1,2,3,5,8,2,10,1,0, 1, 1, ...
and has period 10; the Fibonacci sequence mod 7 is:
0,1,1,2,3,5,1,6,0,6,6,5,4,2,6,1,0, 1, 1, ...

and has period 16.
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This problem was first considered by Wall [8] and shortly thereafter by Robinson
[5]. Among other cases, they studied the Fibonacci sequence for prime moduli, and
showed that for primes p that are congruent to 1 or 4 (mod 5) the period length of
the Fibonacci sequence mod p divides p — 1, while for primes p that are congruent
to 2 or 3 (mod 5) the period length divides 2(p + 1). The examples above illustrate
these facts. As we will see, the prime p = 5 is a special case with period 20; the prime
p = 2 is also special in some ways with period 3.

Wall’s proofs use different combinatorial techniques for each of these classes of
primes. Robinson proves these results by appealing to a directed graph of points
formed by multiplication by a Fibonacci matrix. In this paper, we give alternative
proofs of these results that also use the Fibonacci matrix, but unlike Robinson, we
place the roots of its characteristic polynomial in an appropriate splitting field. This
allows us to obtain bounds for the periods of the more general recurrence

En+1 = AEn + BE,_;

modulo a prime, which neither Wall nor Robinson consider.

Vella and Vella [7] consider general recurrences, but only in the special case where
the roots of the characteristic polynomial are integers. Using sophisticated methods,
Pinch [3] proves general results about multiple-term recurrences with prime power
moduli, but does not produce specific bounds of the kind that we consider here. Li
[4] reviews prior work on period lengths of general recurrences in the context of a
different problem: determining which residue classes appear in recurrence sequences.

The purpose of our brief paper is to illustrate an accessible, motivated treatment of
this classical topic using only ideas from linear and abstract algebra (rather than the
case-by-case analysis found in many papers on the subject, or techniques from grad-
uate number theory). Our methods extend to general recurrences with prime moduli
and provide some new insights, e.g., Theorem 8, below. And our treatment highlights
a nice application of the use of splitting fields (explained below) that might be suitable
to present in an undergraduate course in abstract algebra or Galois theory.

Eigenvalues of the Fibonacci matrix

Let p be an odd prime.

In accordance with previous literature [5, 8] we define k(p), the period of the Fi-
bonacci sequence mod p, to be the smallest positive index i such that F; = 0 mod p
and F;y; = 1 mod p. In our examples above, k(11) = 10, while k(7) = 16. Following
Robinson [5], we consider the Fibonacci matrix:

11
it
This is a matrix over some field F that we should be careful to specify. If we choose
F = R, then

n o__ Fn+1 Fn
u _|:Fn Fn—li|.

And if we choose [ = I, the finite field of order p (also known as Z/ pZ., the integers
mod p) then the entries of U" are elements of the Fibonacci sequence mod p, the
desired objects of study.

It is natural to consider the eigenvalues of the matrix U, which are roots of its
characteristic polynomial x> — x — 1. If eigenvalues A, A exist in F » and are distinct,
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then U = CDC~! where D is the diagonal matrix

A0
D:[O x} (1)

and C is a matrix with the corresponding eigenvectors as columns. Then U* =
CD*C~'. We see that for k = k(p), we have U* = I, the identity matrix. There-
fore D¥ = C~'U*C is also I. We observe that the exponent k = k(p) is the smallest
non-zero exponent n such that D" = [I. Thus:

LEMMA 1. The period k(p) must divide any n that satisfies D" = I.

When do the eigenvalues A, A exist in F,? The quadratic formula shows that ax? +
bx + ¢ has roots in the field F, as long as the discriminant A = b*> — 4ac is a square
in F,; hence the characteristic polynomial x> — x — 1 has roots in F, if and only if
A =5 is a square. Quadratic reciprocity [6] shows that if p is an odd prime, then 5 is
asquare in IF,, if and only if p =0, 1,4 mod 5. And as long as p # 5, the eigenvalues
are distinct. Hence:

THEOREM 2. If p is an odd prime and p is congruent to 1 or 4 (mod 5), then k(p)
divides p — 1. In particular, k(p) < p — 1.

Proof. The eigenvalues A, A of U are non-zero (since U is invertible) and distinct
(since p # 5). Since p is prime, Fermat’s (little) theorem implies both AP~ =1 and
AP~!' = 1. Hence D”~! = I and Lemma 1 gives the desired conclusion. ]

When p = 5, the eigenvalues are not distinct (they are both 3) and D is not diagonal,
so D* # I even though A* = A* = 1. One finds that D*° = I and k(5) = 20.

A splitting field for the eigenvalues

The case of remaining classes of odd primes, p = 2, 3 mod 5, requires more work,
because for these primes, the characteristic polynomial x> — x — 1 is irreducible. It
does not have roots in IF, unless we enlarge the field.

We can do this by a standard construction: to the field IF,, we “adjoin” an element
y that has the property that y*> = y + 1, and consider the set of linear combinations
of 1 and y over IF, with the natural arithmetic.

Let’s make this construction more precise. As a set, the enlarged field has p? ele-
ments:

Fpo={a+by:abel,}

We may regard these as formal expressions or as a particular way to write ordered
pairs (a, b). They are added and multiplied as if y were a number satisfying y> — y —
1 = 0. Here’s a sample calculation: (1 —y)(y) =y —y?> =y — (y +1) = —1. With
these operations, IF 2 is a field. In fact it is the unique finite field of size p? and some
may recognize it also as the quotient field F,[x]/(x* — x — 1), though this insight is
not needed in what follows.

Note that the expressions of the form a + Oy (with b = 0) form a subfield identical
to ¥, itself. In this way we regard I, as a subfield of [F .. We note that this subfield
obeys Fermat’s theorem, so

a’? =a

holds foralla € IF,.
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By construction, y is automatically a root of x> — x — 1in F »2- One may check that

y=1-vy
is another root, distinct from y. We will need the fact that yy = —1, which follows
from the sample calculation above.
Also by construction, F > has characteristic p: any element a + by multiplied by
p (e.g., added to itself p times) is 0, since the coefficients a, b come from IF,,. So the

following nifty fact holds, sometimes facetiously called “freshman exponentiation” [1,
p. 422]:if u, v € F 2, then

(u+ )P = u? +v?. (2)

This follows from the binomial theorem. When p is prime and & is not equal to O or p,
the binomial coefficient (5 ) is divisible by p. Therefore all of the intermediate terms
of the binomial expansion of (i + v)? vanish, and (2) holds.

This is the basis of an important lemma. We briefly consider an arbitrary polynomial
inlF,:

LEMMA 3. If P(x) is an irreducible polynomial in ¥, that has a root y in F p,
then y? must be a different root of P(x).

(This is a standard fact in Galois theory: the Frobenius map x — x? transitively
permutes the roots of irreducible polynomials, though we have avoided that language
here to keep this treatment friendly.)

Proof. Let P(x) = a,x" + - - - + ao where a; € IF,, and suppose y is a root. Then

P(y?) =awy™ +---+ao
—ary ]
= (@y" +-- +a0)’
=07 =0.
The second line follows because Fermat’s theorem (¢ = a”) holds for elements of ¥,
and the third line follows from freshman exponentiation.
So y? is a root of P(x). Further, y” # y, because there are at most p solutions
to the equation x” = x, and Fermat’s theorem shows they are all the elements of the

subfield IF,,. Therefore y is not a solution, and y? must be a different root of P (x).
|

Returning to the case of P(x) = x> — x — 1, we immediately obtain:

LEMMA 4. If p = 2,3 mod 5, then

yP'=y and y’'=y.

Proof. These statements follow from the fact that x> — x — 1 is irreducible in F,
when p = 2, 3 mod 5, but has exactly two roots y and y in [F . ]

Now we may determine the desired bound:

THEOREM 5. Let p be an odd prime that is congruent to 2 or 3 (mod 5) then k(p)
divides 2(p + 1). In particular, k(p) < 2(p + 1).

Proof. We appeal to Lemma 1, now viewing the matrices U and D in the prior
discussion with elements from the enlarged field [F .. Note that the diagonal entries

A, » of D in (1) are then the roots y, 7 of x> — x — 1.
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Applying Lemma 4 (y” = y) and the fact that yy = —1, we see that

U=y =7y =D =1 (3)
By reversing roles of y, 7 we see that >+ = 1 as well. These conclusions show
that D2+ = [ as desired in Lemma 1. ]

As Wall [8] notes, the upper bounds of Theorems 2 and 5 are tight for many
small odd primes p # 5 (for p < 100, the only exceptions are 29, 47, and 89). The
bounds appear to be less tight for larger p. Wall also shows for prime powers, k(p') <
p'~'k(p) with equality if k(p?) # k(p). It is believed the latter condition always
holds; see [2] for partial results. Combining knowledge of k(p’) with the fact that
lem[k(m), k(n)] = k(lcm[m, n]), one can obtain a bound on k(m) for each positive
integer m.

The general recurrence

Our methods can be adapted to obtain bounds for the period of the general recurrence
En+1 = AEn + BEn—l

modulo a prime p, with Ey = 0 and E| = 1. Let k4 g(p) be the period of E,, mod p.
The analog of the Fibonacci matrix becomes

A B
v=[1 5]

and the eigenvalues A, A are roots of the characteristic polynomial x> — Ax — B. This
has roots in IF, as long as the discriminant

A =A>+4B

is a square in IF, (a quadratic residue mod p), and they are distinct if A 2 0 mod p.
The same arguments as in Theorem 2 will yield:

THEOREM 6. If p is an odd prime and A is a non-zero quadratic residue mod p,
then ks p(p) divides p — 1. In particular ks g(p) < p — 1.

For example, consider E,,; = 3E, +2E,_; mod 13. ThenA =3,B =2,and A =
17. Since A =22 mod 13, A is a non-zero quadratic residue mod 13. Our theorem
shows that k3 ,(13) < 12 (and, in fact, it is 12).

A curious consequence of our theorem is that the sequence E,.; = E, + 2E,_;
mod p has small period (that divides p — 1) for every odd prime p except 3 (since
A = 3% is always a square and the only prime p that divides A is 3).

If the discriminant A is not a square in I,,, we consider U as a matrix with entries
from [F 2, the splitting field of x? — Ax — B obtained by adjoining an element y that
satisfies Y2 = Ay + B. The roots of the characteristic polynomial x> — Ax — B inF 2
are then y and y = A — y. The irreducibility of x> — Ax — B over F,, and Lemma 3
show that

LEMMA 7. If A is a quadratic nonresidue mod p, then

yP'=y and y’"=y.

We can now obtain the following result. Let ord(n) denote the multiplicative order
of n: the smallest positive integer ¢ such that n’ = 1 mod p.
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THEOREM 8. If A is a quadratic nonresidue mod p, then ks g(p) is a divisor of
2(p + 1) - ord(B?). In particular,

kas(p) <2(p+1)-ord(B?).

Proof. We mimic the proof of Theorem 5. In light of Lemma 1, our goal is to show
that

2p+D) — 52+ — g2

14 14

But these follow easily by noting ¥y = — B, using Lemma 7, and repeating a similar
calculation as (3). [ |

Note that if B = 1, then the original bound 2(p + 1) still holds. For example, con-
sider E,,;1 =3E, + E,_; mod 19. Then A =3, B =1, and A = 13. Since 13 is a
nonresidue mod 19, our theorem shows k3 ;(19) divides 40 (and, in fact, it is 40). For
the same sequence mod 11, we find that 13 is a nonresidue mod 11, so k3 ;(11) divides
2(11 4+ 1) = 24 (and, in fact, it is 8).

For a general example where B # 1, consider E,; = 3E, +2FE,_; mod 7. Then
A=3,B=2,and A = 17. Since 17 is a nonresidue mod 7, and B? = 4 satisfies
4* = 1 mod 7, our theorem shows that the period ks > divides 2(7 + 1) - 3 = 48 (and,
in fact, is 48).

In general, we note that ord(B?) is at most (p — 1)/2 by Fermat’s theorem, so the
bound in Theorem 8 could be as high as 2(p + 1)(p — 1)/2 = p* — 1, the bound at
the beginning of this paper. This bound is actually achieved by E,,; = 3E, 4+ 2E,
mod 37, the sequence

0,1,3,11, 2,28, 14, 24, 26, 15, 23,25, 10, 6, 1, 15, 10, 23, 15, 17, . ..

which has period 1368 = (37 4 1)(37 — 1), and indicates that all possible consecutive
pairs other than 0, 0 appear in this sequence mod 37.
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I always found the proof of the differentiability of the composition of multivariable
maps quite cumbersome. So I developed in my 2009 course an easier approach based
on the notion I called M -differentiability. It turns out that M -differentiability is not
entirely new (see below) and it coincides with the usual notion of differentiability. So
here is my approach.

Let M9" be the set of matrices over R with ¢ rows and n columns. The product of a
matrix A € M?" with a column vector x € R" is denoted by A - x or Ax. Let U C R”
be an open set, and leta € U.

A map f: U — RY is said to be M-differentiable at a if there exists a matrix-
valued function A, : U — M?" that is continuous at a and such that

J) = fl@)+Ap.(x)(x —a) ey

for all x € U. The derivative of f at a, denoted by f’(a), is the matrix A ,(a).

Let us point out that if f is M-differentiable at a, then f is continuous at a.

We postpone for a moment the proof that f’(a) is well defined. The usefulness of
this definition lies in the absence of an error term in (1). The job of the error term is
done by letting A s, (x) vary with x € U. Because there is no error term, the following
theorem is just an exercise in matrix multiplication.

THEOREM 1. Let U C R" and V C R? be open sets anda € U. Let f : U — V
and g 'V — R4, and let h be their composition, h = go f : U — RI. If f is M-
differentiable at a and g is M-differentiable at f(a), then h is M-differentiable at a
and W'(a) = g'(f(@) - f'(a).

Proof. Here f'(a) € M?", g'(f(a)) € M?? and h'(a) € M?". By our hypotheses,
f&x) = fa)+ A (x)(x —a)

where A, is continuous at @ and f'(a) = A, (a). Also,

g(y) =g(f(@) + Ag s (V) (y — f(a))
where A, 7., is continuous at f(a) and g'(f(a)) = A, @) (f(a)). Therefore,
h(x) =g(f(x)) = g(f(@) + Ag sy (f (X)) - (f (x) — f(a))
=g(f(@) + Ag 1) (f (X)) - (Asa(x)(x — )
=g(f(@) + (Ag s (f () - Apa(x)) - (x — a).

Math. Mag. 85 (2012) 136-141. doi:10.4169/math.mag.85.2.136. © Mathematical Association of America
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Since A, (4 is continuous at f(a) and Ay, and f are continuous at a, we get that
B(x) := Ag 5 (f(x)) - Af4(x) is continuous at a. Thus & is M-differentiable at a and

W(a) = B(a) = Ag y)(f (@) - Agala) = g'(f(@) - f(a). u

The derivative is well defined

For x = (x1,...,x,) € R", let ||x]| = (X", |x;1*)!/% be the Euclidean norm of x.
Write 0, and 0, for the origins in R” and R?, respectively, and O, , for the zero matrix
in M7",

Note that in general there are many matrix-valued functions B, continuous at a,
such that B(x)(x —a) = f(x) — f(a).

For example if ¢ = 1, n = 2, and f(u,v) = F(u, v)u + G(u, v)v, then for any
function & (u, v) we also have

(F(u,v) +h(u,v)v)u + (Gu,v) —h(u,v)u)v = f(u,v). 2)
Hence, if we put B = (F, G) and B, (u, v) = B(u, v) + h(u, v)(v, —u), then

f(u, v) — f(o, O) = B(u, U) . (Z) = B, (u, v) . (:)

We now show that our derivative f’(a) is well defined.

Let f be M-differentiable ata € U, andlet A = A, satisfy the requirements of the
definition; thatis, A : U — M%" is continuous at a and, rewriting (1), A(x)(x —a) =
f(x) — f(a) for all x € U. Let B be any other matrix-valued function with the same
properties; that is, B : U — M?" is also continuous at a and B(x)(x —a) = f(x) —
f(a) for x € U. We must show that B(a) = A(a).

We do this by showing that (B(a) — A(a)) - &€ = 0 for every vector £ € R".

First, if £ € R”, then a 4 t& € U for all sufficiently small ¢. For any such ¢, we have
B(a +1§) - (t§) = fa+1§) — f(a) = Ala + 1§) - (1§), so that

(B(a +t&) — A(a +t£)) - (t§) = 0.
Hence, if t # 0,
(B(a+1t&) — Ala+15))- £ =0,.

Now because both A and B are continuous at a, we have

lim (B(a + t§) — A(a +1§)) = B(a) — A(a).
Therefore,

(B@ — A@) -& = (lim (B(a+1§) — AGa +16)) -&

= lim ((B(a +18) — Aa +1§)) ~€)

= 1im 0,
t—0

=0,.

Since this is true for every £ € R”, it follows that B(a) — A(a) = O, ,. Hence f'(a)
is well defined.
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The equivalence of M-differentiability with differentiability

At first glance it appeared that M-differentiability is weaker than the usual notion of
differentiability. This is not the case though.

Let us recall the usual definition of differentiability: Let U € R" be open, a € U,
and f : U — R?. Then f is differentiable at a if there is a linear map ¢ : R" — R?
and amap R : U — R such that

IR

f(x)=f(a)+¢(x—a)+R(x)andﬁ—>Oasx—>a.
x—a

In this case the differential of f at a is ¢.

THEOREM 2. Let U C R" be open, a € U, and f : U — R4. Then f is differen-
tiable at a if and only if f is M-differentiable at a.

If, additionally, f is continuous in U, then Ay, can be chosen to be continuous in
U, too, whenever f is M-differentiable at a. If f is continuously differentiable in U,
then Ay, can be chosen so that the map (x, a) — Ay ,(x) is continuous in U x U.

Proof. We first consider the case where ¢ = 1, that is where f is a scalar-valued

function.

Differentiable implies M -differentiable. Suppose that f is differentiable at a. Then
all the partial derivatives %(a) exist at @ and we may consider the gradient
J

a d
Vf(a) = (8—){1((1), ey 8){ (a)) .

Then ¢p(x —a) = Vf(a) - (x —a). Now let

_ V f(a) ifx=a
) = Vi) + 29 (x —a)t  ifx #a.

llx—all?

(Here (x — a)* denotes the transpose of the column-vector x — a; thus, (x —a)* is a
row vector.)
Then for x # a we have v(x) - (x —a) = f(x) — f(a) as desired. Moreover,

Iv(x) = Vf@] = £2 - 0asx — a.

[lx—all

Thus v is continuous at a. Hence the one-row matrix A s, := v satisfies the conditions
needed for M -differentiability,

J) = f@)+Aza(x) - (x —a).

We also see from the definition of v that A, = v is continuous at each point x € U,
whenever f is. Also, if V f is continuous, then the function

Rix) — f)—=fla)=Vf(@)- -x—-a)

H(x,a) = =
R Tr T x—al

if x # a and H(a, a) = 0 is seen to be continuous at (ay, ap), since

S lVF @) = Vf(@]-ds

llx — all

|H(x,a)| =
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is small whenever ||x — agp|| and ||a — ay|| are small. Thus

Vf(a) ifx=a
Vf(a)+ 2% (x —a)t ifx #a

llx—all?

(x,a)|—>{

is continuous.

M -differentiable implies differentiable. Let f(x) = f(a) + As.(x) - (x — a)
and f'(a) = Aj,(a). Consider the linear map ¢ : R* — R? given by ¢(x) =
Sf'(a) - x. We are going to show that R(x) := f(x) — f(a) — ¢(x — a) satisfies
lim,_,, R(x)/||x — a|| = 0. In fact, by the Cauchy-Schwarz inequality,
|f(x) = f(a) — p(x —a)l

llx —all

1(F() = f@) = Apa(®) - (x — @) + (A () - (¢ —a) — f'(@) - (x —a))]

llx — all

[(Ara(x) = (@) - (x — a)|

llx —all

_NAz ) = Ara @I [lx —all
B |lx — all

= 1141400 = Aga(@]] —> 0.

Hence f is differentiable at a.
The general case, where ¢ is arbitrary, follows at once since f = (fi,..., f;) is
M -differentiable if and only if each of the coordinate functions is M-differentiable. m

Using M-differentiability
To sum up, we have two representations for differentiable mappings f : U € R"—R¢:

f@x) = fla)+ Asq(a) - (x —a) + R(x)
f@x) = fla)+Azp(x) - (x —a)

where lim,_,, ||[R(x)||/||x — a|| = 0and A;,(x) is continuous at a. The g x n-matrix
Ay q(a) is the Jacobian, J¢(a), associated with f at a.

As a concrete application, we conclude from the second representation that a func-
tion f of two variables u and v with f(0, 0) = 0O is differentiable at the origin if and
only if there exist two functions F and G that are continuous at the origin such that

f(u,v) = F(u,v)u + G(u, v)v.

In that case V £ (0, 0) = (F(0,0), G(0, 0)). Note, however, that a function f(u, v) =
p(u, v)u + g(u, v)v may very well be differentiable at the origin if neither p nor g are
continuous (or even bounded). This follows from formula (2) which tells us that the
representation of f as a dot-product of some vector field (p, g) with the radial vector
field (u, v) is not unique. Just consider the function

v —u

u—+ V=
u? + v? u? + v?

flu,v) =

’

where p(u, v) = ﬁ and g(u, v) = ﬁ are discontinuous at (0, 0).
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Next we give an example of a function that is not M-differentiable at (0, 0). Let

o v) = | @) # 0.0
' 0 if (u, v) # (0, 0).
Then we may write

u? v?

u,v) = u -+ v,
g( ) M2+U2 M2+U2
N, e’ N—_——

=A(u,v) =B(u,v)

(u, v) # (0, 0). Since the factors A and B are discontinuous at (0, 0) we cannot draw a
conclusion when applying directly the notion of M -differentiability. One may proceed
in the following way, as was suggested to me by Michael Range.

Suppose that g is M-differentiable at (0, 0); that is

gu,v) = Fu,v)u+ Gu, v

with F, G continuous at (0, 0). Then, for v # 0, v = g(0, v) = G (0, v)v; hence
G(0,v) =1 and so G(0,0) = 1. Similarly, F(0,0) = 1. But, on the other hand,
foru #0, u = g(u,u) = F(u,u)u + G(u, w)u, and so F(u,u) + G(u,u) = 1. If
u — 0, then we get the contradiction 2 = 1.

One may of course use the usual method to prove that g is not differentiable at the
origin.

The local inverse theorem revisited. Let us also mention that when using the con-
cept of M-differentiability, one can give a very easy proof of the fact thatif 7 : R" —
R" is a continuously differentiable map for which the Jacobian Jr(a) is an invertible
matrix at some point a € R”, then a (local) inverse T~! of T exists on 7 (U) for some
open set U with a € U and T~ is differentiable there.

In fact, for s, t € R" letd(s, t) = detAr ,(¢). Since by Theorem 2, d(s, t) is contin-
uous and |d(a, a)| > 0, we have that |d(s, t)| > |d(a,a)|/2 > 0 whenever s and ¢ are
close to a, say s, t € U. In particular, the matrix Az ((¢) is invertible. Moreover, using
the Cramer representation M~! = gi ::;, where M“ is the adjungate (adjunct) of the
invertible matrix M, we see that [Ar (t)]~! is continuous on U x U, too.

Now supposing that T'(s) = T(¢) for s, t € U, we obtain

0, =T(@) —T(s) = Ar;(1) - (r — ).

Hence ¢ = 5. We conclude that 7 is injective in a neighborhood of a and so the inverse
T~ of T is well defined on T (U). It also follows from

[Ar, W] (TW) —Tw) =v—u

that 7! is continuous on 7 (U).
Now, for y = Tx with x € U, let B(y) := [A74(x)]"! and b = T (a). Then B is
continuous at b. Moreover,

By)-(y=b) =[Ar, )] - (T) =T@) =x—a=T"'(») =T (b).

Hence 7! is M-differentiable at b.
The essence of our note is that in various situations it is preferable to use our concept
of M-differentiability instead of the original (equivalent) definition of differentiability
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to prove some standard results. The advantage of the “M-method” is to avoid having
to estimate the remainder term. Both approaches, though, should be presented in a
course.

Addendum. After a first revised version of this note had been submitted, I learned
from Professor Ingo Lieb that the notion that I call M-differentiability is not new;
and is, in fact, contained in several German textbooks (see [1, 2, 3, 4]). It was mainly
popularized by Professor Hans Grauert and its school. Some historical aspects on this
approach appear also in [5] and [6].

Acknowledgment I warmly thank Professor Ingo Lieb and Professor Michael Range for their remarks and for
forwarding to me the references below.
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Summary Based on the notion of M-differentiability, we present a short proof of the differentiability of com-
posite functions in the finite dimensional setting.

The Surprising Predictability of Long Runs
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On August 18, 1913, a growing crowd gathered around a roulette table in Monte Carlo
as the wheel stopped at black numbers on 26 consecutive spins. On May 15, 1941,
baseball player Joe DiMaggio began a hitting streak that lasted for 56 games. And the
state of Missouri voted for the winning candidate in every presidential election from
1904 to 1952, then did it again from 1960 to 2004. Long runs of identical outcomes
often attract considerable attention, and seem to call for explanation. While any of
these events is remarkable in isolation, it turns out that their existence, and especially
their lengths, are surprisingly predictable.

When a situation can be modeled as a sequence of independent Bernoulli trials,
a simple rule of thumb predicts the length L of the longest run of successes, often
with remarkable accuracy. Sometimes we can practically guarantee the exact value
of L. The key result is the approximation of the distribution of L by an extreme value
distribution. We provide applications to several situations, including the California
State Lottery and the digits of .
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The approximate length of the longest success run

Suppose we have a sequence of n independent Bernoulli trials, each with success prob-
ability p. (The classic example is a fair coin tossed n times, with success being the
outcome “heads” and p = 1/2.) By a “success run” we mean a sequence of one or
more consecutive successes at the start of the sequence or after any failure. We de-
fine the random variable L = L, to be the length of the longest success run. If N
is the random variable representing the number of failures, then E(Ng) = ng, where
g = 1 — p, and so we should expect about ng opportunities for success runs. (We
assume that ng >> 1, and take that as license to disregard any special considerations
involving the first or last runs.) A fraction p of the failures, approximately, should be
followed by at least one success, a fraction p? should be followed by two or more suc-
cesses, and so on. In general, therefore, there should be on average about ngp* success
runs of length at least £.

To gauge the likely length of the longest success run, it is reasonable to find the
largest value of £ for which at least one run of that length would be expected to occur.
We thus set ngp* = 1 and solve for £ to obtain

€ =log,,, (nq). (1)

Using the closest integer to £ provides a simple rule of thumb for predicting the length
of the longest success run in situations where the Bernoulli trials model can be applied.
This formula provides a reasonable approximation as long as ng > 1.

The run lengths given by this rule of thumb are often longer than what people ex-
pect. For example, formula (1) predicts that the longest run of heads in 200 tosses of
a fair coin would have length about seven. Yet few individuals, when asked to write
down a simulated sequence of 200 coin tosses, include a run as long as seven consec-
utive heads or tails ([5], [6]; see also [7]). This may go a long way toward explaining
the so called “hot hand” phenomenon [2], in which a casual observer of a sporting
contest or similar situation ascribes a long run to psychological “momentum” when it
is entirely compatible with natural variation.

TABLE 1 shows what formula (1) predicts for various z in coin tossing (p = 1/2),
in ESP card matching (five symbols, so p = 1/5), and for the longest run of a given
face in tosses of a fair die (p = 1/6). Values of £ are rounded to the nearest integer.

TABLE 1: Predicted lengths of the longest run for coin tossing, ESP card
matching and die tossing

No. of trials Head runs Card Matching Die tossing

() (p=1/2) (p=1/5) (p=1/6)
100 6 3 2
1000 9 4 4
10,000 12 6 5
1,000,000 19 8 8

The longest runs of identical outcomes

Our model so far has involved consecutive successes in a sequence of Bernoulli trials.
But in many situations, we are actually dealing with multinomial trials—that is, each
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trial has several equally likely outcomes, and we are interested in the longest run of
identical outcomes, regardless of which outcome is being repeated.

For example, when rolling a die we might be concerned with the longest sequence in
which each roll shows the same face. In the digits of &, any sequence where the same
digit or the same pattern of digits repeats many times would draw our attention. Even
when there are just two outcomes, it might be that the longest run of either outcome is
of interest: a tail run is as notable as a head run, and a losing streak is as newsworthy
as a winning streak.

Fortunately, we can adapt our model to this situation. In the case of multinomial tri-
als, we call an outcome a “success” if it repeats the previous outcome. Now a sequence
of £ “successes” is the same as a sequence of £ + 1 consecutive identical values.

Consider a card-drawing experiment, where we treat the possible outcomes as
2,3,4,...,9,10, J, O, K, A. An experiment might proceed as follows:

Card drawn: J

J 8 A K 4 2 9 8 7 7 7 3 A 4
Repeat? - Y NN NNNNNNY Y N NN
Note that the string of two repeats corresponds to a run of three 7’s. Since the sequences
of Y’s and N’s represent realizations of the Bernoulli trials model with the successes
represented by the Y’s, we can still apply formula (1), but need to add 1 to predict the
length of the longest run of outcomes in the original sequence.
For the rest of the paper we will return to the success-run model, but now we know

that we can translate when needed.

Predictability of the length of the longest run

A prediction such as those in TABLE 1 is just a “best guess” as to the likely length L,
of the longest success run in 7 trials. But how accurate is it likely to be?

To answer this question it is necessary to know something about the probability
distribution of L,. Here’s an outline of how the approximate distribution of L, can be
found. The number of successes at the beginning of the sequence (if any) and the num-
bers of successes between any failure and the next one are independent, identically dis-
tributed random variables. Each of these variables has a geometric distribution, which
means that the probability that the run has length & is given by

p(k) = p*q

fork =0,1,2,3,.... So the distribution of L, is approximately that of the maximum
of |nq] independent geometric random variables, where | ] represents the floor, or
greatest integer function.

Due to their discreteness, the limiting distribution of the maximum of |ng| inde-
pendent geometric random variables with parameter p does not exist (see [3] and [6]).
We can obtain an approximate limiting distribution, however, by studying the limit-
ing distribution of the maximum of |[nq] independent exponential random variables,
as exponential random variables are the continuous analog of geometric random vari-
ables.

To make the connection explicit, let X be an exponential random variable with
parameter A = — In p. The density and cumulative distribution function (cdf) for an
exponential random variable are given by

f(x) =re ™ = Ap*
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and

FX)=Pr(X <x)=1—-e™=1-p"

forx > 0. Now let Y = | X|; then
k+1
P(Y =k) = / re Mdx = e (1 —et) = ply
k

fork =0, 1, 2,..., which is precisely the geometric probability mass function given
above. Thus the distribution of the length of the longest success run can be approxi-
mated by the maximum of |ng | independent exponential random variables.

Now let X, X,, X5 ... be independent exponential random variables each having
parameter A = —In p, and let M,, = max(X,, X, ..., X|,,4)). We would like to under-
stand the distribution of M,,. Since the value of M, tends to increase as n increases, it
will be more productive to focus on the difference between M, and our rule-of-thumb
estimate (1),

E, =M, —log,,,(nq).

Write Fg for the limiting cumulative distribution function of the variables E,. We
have

Fp(x) = lim P (E, < x)

n—oo

= lim P (M, —log,(1/nq) < x)

n—00

= lim [P (X, <log,(1/nq) +x)]""

n—00

= lim |1 — plogp(l/nq)er]MqJ

1 lng]
— lim [1 - —px:|
n—00 nq
=e 7, 2)

Thus E,, which approximates the estimation error of our rule-of-thumb estimate,
has the limiting distribution given by (2). A random variable whose cumulative distri-
bution has this form is said to have an extreme value distribution. Such distributions
have been well studied, as they arise in the investigation of the distribution of the
maximum of a sequence of independent, identically distributed random variables. The
particular type of the extreme value distribution that applies here is also known as the
Gumbel distribution. Its general form is given below.

Cumulative distribution function:

_e—x—w)/o

Fx)=P(X<x)=e for — 00 < x < o0;

Density function:
1 (x—p)/o _e—(x—m)/o
—e e for — o0 < x < o0;
o

where —oo < < oo is a location parameter and o > 0 is a scale parameter. See [1]
for further information regarding extreme value distributions.
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For the distribution that approximates the normalized maximum of |ng | indepen-
dent geometric random variables with parameter p, the parameters of the limiting dis-
tribution are 4 = 0 and 0 = 1/In(1/p) respectively, and the associated density is

d X X
fx) = o (e7”) =In(1/p)p*e " for —oco < x < oo.
x

The mean and standard deviation of the distribution are

Mean: y In(1/p), where y is the Euler-Mascheroni constant 0.577215...;
g

J6In(1/p)’

and the mode is zero. The density for the case p = 0.5 is shown in FIGURE 1 below.

Standard deviation:

3)

-10 -5 5 10

Figure 1 Exteme value (Gumbel) distribution for the case p = 0.5 (u =0, o = 1/In(2))

We have established that the distribution of L, — log,,,(ng), the length of the
longest success run in n independent Bernoulli trials minus its predicted value given
by (1), is well approximated by | X |, where X is a random variable having the extreme
value distribution given in (2). Therefore

P(L, =)~ P({—log,,(ng) < X < £+ 1—log,,(n9)).

There are some important and interesting consequences of this result. First, no-
tice that—remarkably—the approximate distribution of the prediction error, L, —
log,,,(nq), does not depend on n. That means that one can predict the length of the
longest success run found in, say, a million trials as well as in a hundred! Second, the
standard deviation formula (3) shows that the spread of the distribution is generally
quite small. This implies great predictability in the length of the longest success run.

For the case of coin tossing, for example, the length of the longest head run will
very likely fall within about three of the predicted value £ = log,(n/2)—no matter
how many tosses are made. For n = 100, £ = log, 50 = 5.64, so the longest run of
heads (or tails) in one hundred tosses is very likely to be in the range 6 & 3. See
FIGURE 2. TABLE 2 illustrates this phenomenon for three values of n that are close to
powers of 2.

In each instance there is approximately a 95% probability that the listed interval
will capture the actual value of L,. Again, what is most striking is that the prediction
intervals do not get wider as n increases.

Using our theoretical results to check whether famous events such as Joe DiMag-
gio’s hitting streak and the run of 26 spins landing on the black at Monte Carlo are
beyond what should be expected presents some challenges. First of all, it is not pos-
sible to ascertain with much accuracy the value of n that should apply. Fortunately,
since the predicted length of the longest run grows only logarithmically, predictions
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3 2 -1 1 2 3 4 5 6 7
Figure 2 Approximating extreme value distribution for the longest success run in n =
100 tosses of a fair coin. The approximate probabilities P(L = £) are shown graphically

as areas under the curve for £ = 3,...,9. Adding any positive integer i to each of these
values of £ gives the graph for the case n = 2' x 100.

TABLE 2: Prediction intervals for the length of the longest run for coin tossing

No. of trials (n) € =1log,,,(nq) Approximate 95%
Prediction Interval
1000 ~ 210 8.97 9+3
1,000,000 ~ 220 18.93 1943
1,000,000,000 = 230 28.90 2943

do not change greatly even when n changes by a lot. The Bernoulli trials model is
not particularly suitable for baseball, given the great variation in the abilities of hitters
and pitchers. Therefore predicting the likely length of the longest hitting streak goes
beyond the scope of this paper. We can make a stab at investigating runs of one color
in roulette, however.

A minor complication is that p = P(black) is different in American roulette and
in the European version, being 18/38 in the former and 18/37 in the latter. TABLE 3
below shows the predictions formula (1) gives for both values of p and for various n,
along with prediction intervals that take into account the spread of the approximating
extreme value distributions around the value given by (1). These distributions have
very similar spread to that shown in FIGURE 2 since both values of p are close to
0.5, therefore adding and subtracting three from the value given by (1) again gives a
high probability (approximately 95%) of capturing the actual longest run length. The
predictions (rounded to the nearest integer) shown in TABLE 3 are for the longest run
of either black or red, which as shown earlier are obtained by simply adding 1 to the
prediction for black alone.

TABLE 3: Predicted lengths and prediction intervals for the longest run of
black or red in roulette

No. of spins American Roulette European Roulette
(n) (p =18/38) (p =18/37)
100,000,000 25 (22, 28) 26 (23, 29)
500,000,000 27 (24, 30) 28 (25, 31)
1,000,000,000 28 (25, 31) 29 (26, 32)

The results are quite compatible with the actual run of 26; certainly that run was
not suspiciously long when seen in the context of a century of experience. It seems
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reasonable that the actual number of plays of casino roulette that have ever been made
is likely to be between 10® and 10°, but even for n well above or below this range an
observed longest run of 26 would not be very surprising.

Extremely predictable cases

The smaller the value of p, the more concentrated the approximating extreme value
density becomes, and thus the length of the longest success run becomes even more
predictable. For example in dice tossing, the probability that the length of the longest
run of any particular face (p = 1/6) will be one of only three consecutive values oscil-
lates between 92.5% and 97% as n varies (except for very small n, where the chance
is even higher). See FIGURES 3 and 4.

2 -1 1 2 3 4 2 -1 1 2 3 4

Figure 3 Approximating extreme value
distribution for the longest success run
in n = 1000 tosses of a fair die. There
is approximately a 96% chance that the
length of the longest run will be one of
the three values 3, 4 and 5.

Figure 4 Approximating Extreme Value
Distribution for the Longest Success Run
in n=6'" x 1000 Tosses of a Fair Die.
There is approximately a 96% chance
that the length of the longest run will be
one of the three values 13, 14 and 15.

In other situations where p is even smaller, we can often almost guarantee the exact
length of the longest run. To see this, consider the following argument: The probability
of a success run of length at least / immediately following a particular failure is p*.
Let N, be the number of success runs of length £ or longer in n Bernoulli trials. If we
condition on the number of failures nr in the sequence (treat it as given), we obtain

P(Ln = E) = P(Ng > O, Ng+1 = Oll’l]:)
= P(N¢+1 =0lnp) — P(Ne = Olnp)

— (1 _ p£+1)n1: _ (1 _ pl)np ~ efnpp“'l _ efnppz‘

Writing x = e‘””’z, we have P(L, = £) =~ g(x) = x” — x. Simple calculus shows
that g(x) is maximized at x = p'/4. By the Law of Large Numbers, if 7 is large we
cannot go far wrong by treating n ¢ as equal to its expected value, ng. Solving enar’ =

p'/4 for n yields

In(1/p)
n=-——-; “4)
q°p
which gives
P(L, =)~ pPld — p'/a. &)

Formula (4) tells us the “special” values of n (when rounded to the nearest integer)
that maximize P (L, = £) for a given success probability p and run length £. The limit
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of the expression in (5) as p approaches zero (a good calculus exercise!) is 1. Thus
if p is small enough and the number of trials is somewhere near the value of n given
by (4), then P(L, = £) is close to one. In other words, the longest success run is very
likely to have exactly length £.

Here is an application: Twice a day the California Lottery Commission runs a game
called the “Daily 3”, in which a player chooses any three digit combination. When
the drawing is held, the player wins if his or her three numbers match those drawn.
The player may buy a ticket that requires that the numbers be matched in order (a
“straight”), or one that allows the matches in any order (a “box”). Many other states
also offer this game; it has also been run illegally in many big cities for decades.

Suppose we look at the sequence of all drawings over a certain period of time for
cases in which the same three number combination appears in a consecutive run of
games. As shown earlier, we can compare each drawing to the previous one and define
success as the case when the numbers drawn in two successive games are the same.
Thus a run of length £ successes represents £ + 1 consecutive games with the same set
of numbers.

For the case of “straights”, p = (1/10)* = .001. Straightforward calculations from
the formulas above show that within any string of around n = 7000 games, the longest
run of repeats will almost certainly be ¢ = 1; that is, there will be two games in a row
with the same three number sequence, but never three. The chance of this outcome
(from (5)) is approximately 99.2%. This is such a high probability that if there were
three or more consecutive games with the same number sequence, or no consecutive
games with the same number sequence, we might have reason to suspect fraud!

The California Daily 3 has been in operation since April 1992. Checking the first
7000 plays, which cover a span of approximately fifteen years, we find that indeed as
predicted, the same straight has occurred in two consecutive drawings (on six occa-
sions), but never has the same straight occurred three times in a row.

As a second illustration, consider the longstanding question of whether the digits of
7 are a pseudorandom sequence, that is, can be satisfactorily modeled as a string of
independent digits in which each digit is equally likely be one of the values O through
9. Several studies of this question have been performed over the past half-century;
none have found significant evidence against the pseudorandomness hypothesis (see
[4]). The predictability of long run lengths provides an additional and very simple test
of the pseudorandomness of the digits of 7.

Clever algorithms along with recent advances in high speed computing have al-
lowed the determination of more than ten trillion digits of m, providing a very large
potential database for analysis. We will consider here a much smaller number, how-
ever: the first 5,000,000 digits. This 7 is nearly an optimal value (found from (4) above)
for predicting the run length of any two-digit pair with a high degree of certainty. Note
that p = (1/10)> = .01 here if 7 is pseudorandom. Formula (5) indicates that if the
digits of = behave as a random sequence of digits, then with approximately 94.5%
probability, the longest run length of any specified two-digit pair will be three. Thus,
for example, the string . . . 383838 . . . will almost certainly be found somewhere within
the first 4,700,000 digits of 7, but the string . ..38383838. .. will quite likely not be
found.

Searching all two-digit pairs (facilitated by the Pi-Search Page at http://www.
angio.net/pi/piquery) reveals outstanding agreement with the prediction above.
For 94 of these 100 pairs the longest run is indeed three. (The other six pairs each
have longest runs that are four long—the most curious being 42424242, which begins
at digit 242422!) Searches of the digits of  for longest runs of patterns with other
than two digits also give excellent support for the hypothesis of pseudorandomness,
corroborating what other tests of 7 have indicated.
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Values of n satisfying (4) at least approximately are special values that place nearly
all of the mass of the probability distribution of the longest success run on a single
value. Even for arbitrary values of n, however, this distribution lives almost entirely
on at most two values when p is small. For example, similar calculations to those
above show, assuming the digits of 7 are a pseudorandom sequence, that the chance
that the number of consecutive repeats of any particular three-digit pattern within the
entire currently known ten trillion digits of 7 is either four or five is approximately
99.994%.

Acknowledgment Thanks to Andrea Nemeth for preparation of the figures.
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PROPOSALS

To be considered for publication, solutions should be received by September 1,
2012.

1891. Proposed by Raiil A. Simon, Santiago, Chile.

Let ABCD be a quadrilateral in the plane. Let A’, B’, C’, and D’ be the centroids of
the triangles BCD, ACD, ABD, and ABC, respectively. Prove that quadrilaterals ABCD
and A’B'C’ D’ are similar with corresponding sides in the ratio 3 : 1.

1892. Proposed by José Luis Diaz-Barrero, Applied Mathematics III, Polytechnical
University of Catalonia, Barcelona, Spain.

Compute the limit

1 1_[ nyn+ (n+ Hvk
i Jn 4k

1893. Proposed by Jerrold W. Grossman and Ldszlo Liptdk, Oakland University,
Rochester, M1, and Mike Shaughnessy, Portland State University, Portland, OR.

Let n be an integer greater than 1, and let
faa,....a)= [] @—-a.
I<i<j<n

What is the greatest common divisor of f(ay, a,, ..., a,) over all choices of distinct
integers a, dz, ..., a, ?

Math. Mag. 85 (2012) 150-157. doi:10.4169/math.mag.85.2.150. © Mathematical Association of America

We invite readers to submit problems believed to be new and appealing to students and teachers of advanced
undergraduate mathematics. Proposals must, in general, be accompanied by solutions and by any bibliographical
information that will assist the editors and referees. A problem submitted as a Quickie should have an unexpected,
succinct solution. Submitted problems should not be under consideration for publication elsewhere.

Solutions should be written in a style appropriate for this MAGAZINE.

Solutions and new proposals should be mailed to Bernardo M. Abrego, Problems Editor, Department of
Mathematics, California State University, Northridge, 18111 Nordhoff St, Northridge, CA 91330-8313, or mailed
electronically (ideally as a I&TEX or pdf file) to mathmagproblems@csun.edu. All communications, written or
electronic, should include on each page the reader’s name, full address, and an e-mail address and/or FAX
number.

150



VOL. 85, NO. 2, APRIL 2012 151
1894. Proposed by Michael W. Botsko, Saint Vincent College, Latrobe, PA.

Let (X, ¥) be a topological space, let S be any subset of X, and let iso(S) be the set of
isolated points of S. (A point x € § is an isolated point of § if there exists an open set
O such that O N S = {x}.)

(a) If (X, ®) is second countable, prove that iso(S) is countable. (A topological space
(X, ®) is second countable if it has a countable open base.)

(b) If S is a closed set, prove that S \ iso(S) is a closed set.

(c) Prove that the conclusion in (a) does not hold if (X, %) is only assumed to be
separable. (A topological space (X, ¥) is separable if it has a countable dense
subset.)

(d) Prove that the conclusion in (b) does not hold if S is not assumed to be closed.

1895. Proposed by Steven Finch, Harvard University, Cambridge, MA

Let ¢ denote a planar line with slope tan(f) and x-intercept &£, where 6 and £ are in-
dependent random variables with uniform distributions over the intervals [ /4, 37 /4]
and [—1, 1], respectively. Let £;, £,, and 3 be independent copies of £. These three
lines determine a compact triangle A almost surely. Find the probability density func-
tion for the maximum angle « in A. Find the first and second moments of « as well.

Quickies

Answers to the Quickies are on page 157.
Q1019. Proposed by Michael W. Botsko, Saint Vincent College, Latrobe, PA.

Let f : [a,b] — R be a real valued function and I' = {(x, f(x)) : x € [a, b]} the
graph of f. Suppose that T is a closed and bounded subset of R?. Prove or disprove
that f is continuous on [a, b].

Q1020. Proposed by Michael W. Ecker, Mathematics Department, Pennsylvania State
University, Lehman, PA.

Find all values of n for which the sum 1 4 2 + - - - 4 n is an integer power of 10.

Solutions

Variations on the Steiner—-Lehmus Theorem April 2011

1866. Proposed by Sadi Abu-Saymeh and Mowaffaq Hajja, Mathematics Department,
Yarmouk University, Irbid, Jordan.

Let ABC be a triangle, and L and M interior p_oints on_zﬁ and AC, respectively, such
that AL = AM. Let P be the intersection of BM and CL. Prove that PB = PC if and
only if AB = AC.

Solution by I. E. Leonard, J. E. Lewis, A. C. F. Liu, and G. Tokarsky, University of
Alberta, Edmonton, Alberta, Canada.

Suppose that AB = AC. (See FIGURE (a).) Hence triangle ABC is isosceles. It follows
that BL = AB — AL = AC — AM = CM, and so by the SAS Congruency Theorem,
ALBC = AMCB. Therefore, /PCB = ZPBC which means that ABPC is isosceles,
and thus BP = PC.
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P

Figure (a) Figure (b)

Conversely, suppose that AL = AM, PB = PC but, without loss of generality, AB >
AC. (See FIGURE (b).) Let D be the point in the ray AC such that AB = AD. Let Q
be the intersection of BM and DL. By the sufficiency part BQ = DQ. Because C is
between M and D, it follows that P is between Q and M. Hence, by the triangle
inequality,

PB = PQ+ QB = PQ+ QD > PD.

An exterior angle of a triangle is greater than either of the opposite interior angles, and
triangles ALM and ABD are similar isosceles triangles. Thus

/ZDCP > /ALC > ZALM = ZADB > ZCDP.

In a triangle, the larger angle is opposite to the longer side, thus ZDCP > ZCDP
implies that PD > PC, and therefore PB > PC.

Editor’s Note. As pointed out by Eugene A. Herman the statement of the problem
needs to assume that L # B or M # C, otherwise P is not uniquely defined. We
modified the statement to avoid this ambiguity. We received many solutions which
used a similar argument or end with an application of Ceva’s Theorem instead. Many
solutions were based on relatively hard calculations. This problem is closely related to
the classical problem (Steiner—-Lehmus Theorem) of showing that two angle bisectors
in a triangle are equal if and only if the triangle is isosceles.

Also solved by Dionne Bailey, Michel Battaille (France), Elton Bojaxhiu (Germany) and Enkel Hysnelaj
(Australia), Bruce S. Burdick, Robert Calcaterra, CMC 328, Tim Cross (United Kingdom), David Doster, Robert
L. Doucette, Thomas Gettys, Ahmad Habil (Syria), Eugene A. Herman, Jeong Hwan Kim (Korea), L. R. King,
Omran Kouba (Syria), Victor Y. Kutsenok, Elias Lampakis (Greece), Kee-Wai Lau (China), Longxiang Li and
Luyuan Yu (China), Graham Lord, Masao Mabuchi (Japan), Kathleen Marsh, Joel Schlosberg, Vasile G. Teodor-
ovici (Canada), Stuart V. Witt, Michael Woltermann, and the proposers. There were eight incomplete or incorrect
submissions.

A Mean Value Theorem for n values April 2011

1867. Proposed by Angel Plaza and César Rodriguez, Department of Mathematics,
Universidad de Las Palmas de Gran Canaria, Las Palmas, Spain.

Let f : [0, 1] = R be a continuous function such that fol f()dt =1 and n a positive
integer. Show that

1. there are distinct ¢y, ¢, ..., ¢, in (0, 1) such that
fle)+ fle)+---+ flen) =n,
2. there are distinct ¢y, ¢y, ..., ¢, in (0, 1) such that
1 1
+ + -+

fen ' fle few "
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1. Solution by Tania Moreno Garcia, University of Holguin, Cuba, and Pablo Sudrez,
University of Las Palmas de Gran Canaria, Spain.

By the Mean Value Theorem, for each 1 < k < n, there exists ¢, € ((k — 1)/n, k/n)
such that

k/n 1 k/n
dt = di — ‘
" v/(‘k—l)/n fdi k/n— (k—1)/n »/<k—1)/n f@de = f(a)

Adding these identities gives

1 n k/n n
n:n/ f(t)dt:nZ/ fyde =" fleo).
0 k=1 k=1

(k—1)/n

This proves the first part.

For the second part, note that there are numbers 0 = ap < a; < ... < a,_| < a, =
1 such that [;* f(1)dt = k/n for 1 < k < n. Thus f;:il f(t)dt =1/nforl <k <n.
Applying the Mean Value Theorem to each of these integrals shows that there are
¢ € (ax_1, ai) such that

1

1
n(axy — a_) Ay — Qg—1

/ f@dt = f(c);

k
thatis 1/f(cx) = n(ay — ax_1). Adding these identities gives

n n

1
Z 70 =n ;(ak —y_1) =n.

k=1

II. Solution by Arnold Adelberg and Eugene A. Herman, Department of Mathematics,
Grinnell College, Grinnell, IA.

We prove a more general result: Suppose g is a continuous, real-valued function on an
open interval I, y is in g(I), and # is a positive integer. If either g is constant on / or
y is not an extreme value of g, then there are distinct ¢y, ¢,, ..., ¢, in I such that

g(cr) +g(cx) + -+ +g(ca) = ny. €]

In other words, any non-extremal value of a continuous non-constant function is the
average of n nearby values, for any n.

If g is constant, then equation (1) holds for any cy, ¢3, .. ., ¢, in I. Otherwise, since
g(I) is an interval and y is not an endpoint, there exists § > 0 such that (y—§, y+§) C
g(I). Thus, if ay, ay, . . ., a, are distinct real numbers with Zzzl a, =0and || < 6
for 1 <k <n, then >, (y +a) =ny and y + a; € g(I) for 1 < k < n. Since
y 4+ a; = g(cy) for distinct ¢, € I, the result follows.

This result implies the statement in the problem as follows. By the Mean Value

Theorem, there exists a ¢ € (0, 1) such that 1 = fol f(x)dx = f(c). By continuity,
if f is not constant, then there are a, b € (0, 1) such that f(a) < 1 < f(b). Also by
continuity we may assume that f > 0 on (a, b). For the first part in the problem, let
g=f,1=1(0,1),and y = 1; for the second part,letg = 1/f, I = (a,b),and y = 1.

Also solved by Michael Andreoli; Dionne Bailey, Elsie Campbell, and Charles Diminnie; Michel Bataille
(part 1 only, France); Elton Bojaxhiu (Germany) and Enkel Hysnelaj (Australia); Michael W. Botsko and
Larry J. Mismas; Paul Budney; Bruce S. Burdick; Charles Burnette; Robert Calcaterra; John Christopher;
Con Amore Problem Group (Denmark); Charles Degenkolb; Patrick Devlin; Robert L. Doucette; Dmitry Fleis-
chman; William R. Green; Lee O. Hagglund; Mowaffaq Hajja and Mostafa Hayajneh (Jordan); Robert Jones;
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John C. Kieffer; Michael Knapp; Omran Kouba (Syria); Elias Lampakis (Greece); Longxiang Li and Luyuan
Yu (China); Jody M. Lockhart; Raymond Maruca; Cristinel Mortici (Romania); Raymond Mortini (France);
Edwin Gonzalo and Murcia Rodriguez (Colombia); Northwestern University Math Problem Solving Group; Joel
Schlosberg; Allen Stenger; Philip Straffin; Haryono Tandra; Marian Tetiva (Romania); Texas State University
Problem Solvers Group; Dave Trautman; Alfred Witkowski (Poland); Stuart V. Witt; and the proposers.

Tiling a square ring with dominoes April 2011

1868. Proposed by Donald E. Knuth, Stanford University, Stanford, CA.

Let n > 2 be an integer. Remove the central (n — 2)? squares from an (n + 2) x
(n + 2) array of squares. In how many ways can the remaining squares be covered
with 4n dominoes?

Solution by John Bonomo and David Offner, Department of Mathematics and Com-
puter Science, Westminster College, New Wilmington, PA.
The total number of coverings is 16F* + 16(—1)"F? + 4 = 4(2F? 4+ (—1)")?, where
F, is the n'* Fibonacci number, defined recursively as Fy =0, F; = 1, and F, =
F, \+ F, ,forn>2.

For every n, there are exactly two ways to cover the array so that no pair of dominoes
covers a 2 x 2 sub-array.

— | neven | — neven [ n odd I nodd |

The remaining cases can be divided according to the orientation of the dominoes
covering the four corner squares of the array. Since each corner square of the array
may be covered by a domino oriented horizontally or vertically, there are 16 possible
configurations. These configurations can be partitioned into four symmetry classes:
Two of type A, eight of type B, four of type C, and two of type D according to the
figure below. To count the number of coverings for each configuration, it remains to
count the number of ways to cover the rectangular arrays outlined by dashes in the
figure.

............................................................

It is well known that the number of ways to cover a 2 x m array of squares with m
dominoes is F,,.;. So, for configurations of type A, there are two 2 X n rectangles,
and two 2 x (n — 2) rectangles, and the total number of coverings of this type is
2F; F? . Similarly, there are 8, F, F,_; coverings of type B, 4F, | F}F,_; cov-
erings of type C, and 2F? coverings of type D, for a total number of coverings of

2F2 F2 4+ 12F,\F!F,_ +2F) +2.

This total is equivalent to the answer given above, as is shown by using Cassini’s
Identity F, Foy — F2 = (—1)".
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Editor’s Note. Some solvers pointed out that this problem was solved in Roberto
Tauraso, A New Domino Tiling Sequence, Journal of Integer Sequences T (2004),
Article 04.2.3. The sequence of solutions also appears as sequence A061646 in the
Sloane’s On-Line Encyclopedia of Integer Sequences.

Also solved by Elton Bojaxhiu (Germany) and Enkel Hysnelaj (Australia), Bruce S. Burdick, Con Amore
Problem Group (Denmark), Marty Getz and Dixon Jones, Amanda Goodrick, G.R.A.20 Problem Solving Group
(Italy), Harris Kwong, David Nacin, Joel Schlosberg, John H. Smith, Philip Straffin, and the proposer. There was
one incorrect submission.

A triangle inequality for triangle side-lengths April 2011

1869. Proposed by Marian Dincd, Bucharest, Romania.

Let f : R — R be an increasing and concave-down function such that f(0) = 0. Prove
that if x, y, and z are real numbers, and a, b, and ¢ are the lengths of the sides of a
triangle, then

x=x—-2f@+ -0 -2fb)+@—x)z—y) f()=0.

Solution by Charles Burnette, Philadelphia, PA.

Recall that if a function f : R — R is concave-down, and f(0) > 0, then f is sub-
additive. Combining this with the fact that f is increasing and that a, b, and ¢ are
side lengths of a triangle, we have that f(a) < f(b + c¢) < f(b) + f(c). Similarly
fb) < f(a) + f(c) and f(c) < f(a) + f(b). Hence f(b) + f(c) — f(a) > 0,
f@)+ fla)— f(b) >0,and f(a) + f(b) — f(c) > 0.

We now employ the following notation:

D x = -2 f@

cyc

==& -f@+G-—00-f0)+(@—x)z—y) f(),

where the sum is taken over all cyclic permutations of (a, b, ¢) and (x, y, z) where
(a, b, ¢) corresponds to (x, y, z). Thus chc(x — y)(x — 2) f(a) equals

1
230 = NE =IO+ F@) = fB) +(f@) + Fb) = f(©)]

cyc

1
=32 (=N =2 (fl©)+ f@) = fb)

cyc

1
+5 2.6 =NE = (f@+ ) = f(©)

cyc
1
=32 @=NE=y () + [ - f@)
cyc
1
+5 2.0 =90 =0 (F®) + f(©) - f@)

cyc

1
=EZ[(z—x)(z—y)+(y—z)(y—x)](f(b)+f(C)—f(a))

cyc

1
=32 0=+ f©) = f@) =0,

cyc

as desired.



156 MATHEMATICS MAGAZINE

Also solved by Dionne Bailey, Elsie Campbell, and Charles Diminnie; Michel Bataille (France); Bruce S. Bur-
dick; Robert Calcaterra; Con Amore Problem Group (Denmark); Dmitry Fleischman; Paul Loomis; Scott Pauley,
Natalya Weir, and Andrew Welter; Paolo Perfetti (Italy); Joel Schlosberg; Haohao Wang and Jerzy Wojdyto; Stu-
art V. Witt; and the proposer. There were two incorrect submissions.

A double zeta sum April 2011

1870. Proposed by Ovidiu Furdui, Campia Turzii, Cluj, Romania.

Calculate

ii mm+m)—1)
n=1 m=1 (n+m)2 ’

where ¢ denotes the Riemann Zeta function.

Solution by Joel Schlosberg, Bayside, NY.
For x € (0, 1), the power series for x/(1 — x) and In(1 — x) converge absolutely, so

é-i—ln(l—x)=ixk—i%=§:k;1xk=ik;1xk.

k=1 k=1 k=1 k=2

The terms of the double series are all positive. So we may rearrange the order of
summation. Then

A mEn+m) —1) s m =1
;; (n + m)? _;;(H—i—m)z;j”m
DB HILTEED B IP I

Jj m=1 n=1 Jj=2 m=1 k=m+1 ]
oo oo k-1 [ BN | [ SR
m lk—Dk 1 k i
=22 mr e Tl U
j=2 k=2 m=1 J j=2 k=2 J j=2 k=2

j! a l & 1
(1_—j_l+ln(1—] 1)) 5Z(]—lJrln(]—l)—ln])

=2 j=2
1 N
:Ez\}ggo (——l—ln(J—l)—an)
N
. 1 1\ v
=adm |\ V) -y )=

where y = lim[\;_m(z,]lv:1 1/n — In N) is the Euler-Mascheroni constant.

Also solved by Michel Bataille (France), Bruce S. Burdick, Charles Burnette, Dmitry Fleischman, Michael
Goldenberg and Mark Kaplan, G.R.A.20 Problem Solving Group (Italy), Eugene A. Herman, Enkel Hysnelaj
(Australia) and Elton Bojaxhiu (Germany), Omran Kouba (Syria), Peter W. Lindstrom, Rituraj Nandan, Paolo
Perfetti (Italy), Nicholas C. Singer, Satyanand Singh, Michael Vowe (Switzerland), and the proposer.
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Answers

Solutions to the Quickies from page 151.

A1019. We prove that f is continuous on [a, b]. Define the function g : I' — [a, b]
such that g((x, f(x))) = x. Clearly g is both one-to-one and onto and thus the inverse
function ¢! : [a, b] — T exists. Using the sequential definition of continuity, it fol-
lows that g is continuous on I'. Thus g is a homeomorphism because it is a one-to-one
continuous mapping of a compact space onto a Hausdorff space. Since g is a homeo-
morphism, g~! is continuous on [a, b]. However, since g~ (y) = (y, f(y)), it follows
that f is continuous on [a, b].

A1020. The only solutions are n = 1 and n = 4. Indeed 1 = 10° and 1 +2 +3 + 4

= 10". To prove no others exist, suppose T, := 1 +2+ -+ +n = in(n+ 1) = 10*
for some nonnegative integer k. If n > 2, then 7,, > 1 and thus we may assume thatk >
1. Then n(n + 1) = 2 - 10 = 2%+ . 5k Since n and n + 1 relatively prime, we must
have n = 2! and n + 1 = 5%, as 5% > 2! precludes the case of n + 1 = 28! and
n = 5. Thus, 5¥ — 21 = 1. However, 5 = (22 + 1)f > 2% 41 > 2K 1 | where
the equalities hold if and only if k = 1.

To appear in College Mathematics Journal, May 2012
Articles

Rediscovering Pascal’s Mystic Hexagon by Michael Augros
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One of the Clay Institute’s seven million-dollar Millennium Problems is the Birch—-Swinnerton-
Dyer (BSD) conjecture: An elliptic curve over the rationals has algebraic rank equal to its
analytic rank. This book explains the conjecture. The reader needs to know some calculus, have
a tolerance for mathematical symbolism, and be willing to learn concepts along the way (such
as analytic continuation of L-functions, and the rank of a torsion subgroup of an infinite but
finitely generated abelian group). Such minimal prerequisites and its clear writing make this
book (which even has a few exercises) a great choice for a seminar for mathematics majors,
who at some point should have such an excursion to one of the frontiers of mathematics.
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The Parrondo paradox: In terms of expected value, losing games can sometimes be combined
to result in a winning game. The “official Parrondo’s paradox website” at the University of
Adelaide provides an introduction, an informative FAQ, and links to research papers and popular
expositions. Author Stutzer pursues a variation, illustrating the same kind of paradox but in
terms of median outcome. What should intensify the reader’s interest in such paradoxes is his
analogy to the stock market, for which he provides a “spectacular demonstration” of the value
of the buy-and-hold strategy and of the even better strategy of continuously rebalancing.

Mackenzie, Dana, What’s Happening in the Mathematical Sciences, vol. 8, American Mathe-
matical Society, 2011; vi + 129 pp, $23 (P). ISBN 978-0-821-84999-6.

With a beautiful color illustration on almost every page, this volume in the series of popular-
izations of research mathematics is as attractive as it is informative. The nine essays by science
writer Mackenzie reflect on the Netflix million-dollar algorithm contest, periodic orbits for dy-
namical systems, models behind the financial crisis, “the ultimate billiard shot,” health models
vs. clinical trials, the phase change between order and randomness, quantum chaos, geometric
packings, and the instability of the Kervaire invariant involved in classifying exotic spheres.

Wainer, Howard, Picturing the Uncertain World: How to Understand, Communicate, and Con-
trol Uncertainty through Graphical Display, Princeton University Press, 2009; xviii + 244 pp,
$29.95, $19.95 (P). ISBN 978-0-691-13759-9, 978-0-691-15267-7.

This volume collects 19 of Wainer’s columns from Chance magazine plus two other previously
published essays. He treats statistical analysis and data presentation for political issues and
for educational testing, examines statistical methodology, and delves into the history of data
presentation. There are friendly few equations (fewer than a handful), numerous and informa-
tive graphs, and 16 pages of delightful color plates. Even an experienced statistician will find
valuable insights in this book of careful thought, clear exposition, and fine visualization.
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tober 2011), 96 pp, £5. Subscription details from archim-subscriptions-manager@srcf.
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Shepherd, Sarah, iSquared Mathematics Magazine: Mathematics Beyond the Imaginary, http:
//www.isquaredmagazine.co.uk/.

For decades, I have subscribed to Eureka, an annual publication by a society of undergradu-
ate mathematics students at Cambridge University. Although most authors are undergraduates,
there have also been contributions from “luminaries”: Hardy, Dirac, Gowers, Erd6s, Conway,
Gardner, Penrose, Hawking. This latest issue, however, is not your doctoral grandfather’s Eu-
reka but a shockingly good “reinvention” directed at an audience beyond Cambridge: full color
(including a striking cover), imaginative design, superb illustrations, a “number dictionary” ac-
companying the page numbers, and several advertisements (I hope those or a rich new patron
are paying for the renovation!). Eureka’s articles are short; this year they include a Bayesian
analysis of the Monty Hall problem, mathematical origami, how to teach physics to mathemati-
cians (preview: physics courses are unsuitable), a showroom of images, using the finite simple
groups, and much more. In addition, there are book reviews, movie reviews, and a problems sec-
tion. The redesign reminds me of Sarah Shepherd’s extraordinary but short-lived (2007-2010)
magazine iSquared: Mathematics Beyond the Imaginary, which I wish I had discovered (and
communicated to you) before she closed it to concentrate on finishing her mathematics Ph.D.

Sarah Shepherd died in late 201 1. Purchase of back copies of iSquared contributes to Rethink Mental Illness,
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